rrrrrrrrrrrrrr
Advances and Applications

Birgit Jacob
Hans J. Zwart

Linear
Port-Hamiltonian
Systems on
Infinite-dimensional
Spaces

X Birkhiuser



X Birkhauser



Operator Theory: Advances and Applications
Volume 223

Founded in 1979 by Israel Gohberg

Editors:

Joseph A. Ball (Blacksburg, VA, USA)

Harry Dym (Rehovot, Israel)

Marinus A. Kaashoek (Amsterdam, The Netherlands)
Heinz Langer (Vienna, Austria)

Christiane Tretter (Bern, Switzerland)

Associate Editors: Honorary and Advisory Editorial Board:
Vadim Adamyan (Odessa, Ukraine) Lewis A. Coburn (Buffalo, NY, USA)
Albrecht Béttcher (Chemnitz, Germany) Ciprian Foias (College Station, TX, USA)
B. Malcolm Brown (Cardiff, UK) J.William Helton (San Diego, CA, USA)
Raul Curto (Iowa, 1A, USA) Thomas Kailath (Stanford, CA, USA)

Fritz Gesztesy (Columbia, MO, USA) Peter Lancaster (Calgary, Canada)

Pavel Kurasov (Lund, Sweden) Peter D. Lax (New York, NY, USA)
Leonid E. Lerer (Haifa, Israel) Donald Sarason (Berkeley, CA, USA)
Vern Paulsen (Houston, TX, USA) Bernd Silbermann (Chemnitz, Germany)
Mihai Putinar (Santa Barbara, CA, USA) Harold Widom (Santa Cruz, CA, USA)

Leiba Rodman (Williamsburg, VA, USA)
Ilya M. Spitkovsky (Williamsburg, VA, USA)

Subseries
Linear Operators and Linear Systems

Subseries editors:

Daniel Alpay (Beer Sheva, Israel)

Birgit Jacob (Wuppertal, Germany)

André C.M. Ran (Amsterdam, The Netherlands)

Subseries
Advances in Partial Differential Equations

Subseries editors:

Bert-Wolfgang Schulze (Potsdam, Germany)
Michael Demuth (Clausthal, Germany)
Jerome A. Goldstein (Memphis, TN, USA)
Nobuyuki Tose (Yokohama, Japan)

Ingo Witt (Gottingen, Germany)



Birgit Jacob
Hans J. Zwart

Linear Port-Hamiltonian
Systems on
Infinite-dimensional
Spaces

Linear
Operators and
Linear

wOror

Systems

X Birkhauser



Birgit Jacob Hans J. Zwart

Fachbereich C Department of Applied Mathematics
Bergische Universitdt Wuppertal University of Twente

Wuppertal, Germany Enschede, Netherlands

ISBN 978-3-0348-0398-4 ISBN 978-3-0348-0399-1 (eBook)

DOI 10.1007/978-3-0348-0399-1
Springer Basel Heidelberg New York Dordrecht London

Library of Congress Control Number: 2012940251

© Springer Basel 2012

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of the
material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection with
reviews or scholarly analysis or material supplied specifically for the purpose of being entered and executed
on a computer system, for exclusive use by the purchaser of the work. Duplication of this publication or
parts thereof is permitted only under the provisions of the Copyright Law of the Publisher’s location, in its
current version, and permission for use must always be obtained from Springer. Permissions for use may be
obtained through RightsLink at the Copyright Clearance Center. Violations are liable to prosecution under the
respective Copyright Law.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

While the advice and information in this book are believed to be true and accurate at the date of publication,
neither the authors nor the editors nor the publisher can accept any legal responsibility for any errors or
omissions that may be made. The publisher makes no warranty, express or implied, with respect to the
material contained herein.

Printed on acid-free paper

Springer Basel AG is part of Springer Science+Business Media (www.birkhauser-science.com)



Preface

The aim of this book is to give a self-contained introduction to the theory of
infinite-dimensional systems theory and its applications to port-Hamiltonian sys-
tems.

The field of infinite-dimensional systems theory has become a well-established
field within mathematics and systems theory. There are basically two approaches
to infinite-dimensional linear systems theory: an abstract functional analytical
approach and a PDE approach. There are excellent books dealing with infinite-
dimensional linear systems theory, such as (in alphabetical order) Bensoussan, Da
Prato, Delfour and Mitter [6], Curtain and Pritchard [9], Curtain and Zwart [10],
Fattorini [17], Luo, Guo and Morgul [40], Lasiecka and Triggiani [34, 35], Lions
[37], Lions and Magenes [38], Staffans [51], and Tucsnak and Weiss [54].

Many physical systems can be formulated using a Hamiltonian framework.
This class contains ordinary as well as partial differential equations. Each system in
this class has a Hamiltonian, generally given by the energy function. In the study of
Hamiltonian systems it is usually assumed that the system does not interact with
its environment. However, for the purpose of control and for the interconnection
of two or more Hamiltonian systems it is essential to take this interaction with
the environment into account. This led to the class of port-Hamiltonian systems,
see [56, 57]. The Hamiltonian/energy has been used to control a port-Hamiltonian
system, see e.g. [4, 7, 21, 43]. For port-Hamiltonian systems described by ordinary
differential equations this approach is very successful, see the references mentioned
above. Port-Hamiltonian systems described by partial differential equations is a
subject of current research, see e.g. [14, 28, 33, 41].

In this book, we combine the abstract functional analytical approach with
the more physical approach based on Hamiltonians. For a class of linear infinite-
dimensional port-Hamiltonian systems we derive easily verifiable conditions for
well-posedness and stability.

The material of this book has been developed over a series of years. Javier
Villegas [58] studied in his PhD-thesis a port-Hamiltonian approach to distributed
parameter systems. We are grateful to Javier Villegas that we could include his
results into the book. The first setup of the book was written for a graduate course
on control of distributed parameter systems for the Dutch Institute of Systems and
Control (DISC) in the spring of 2009 which was attended by 25 PhD students. This



vi Preface

material was adapted for the CIMPA-UNESCO-Marrakech School on Control and
Analysis for PDE in May 2009. In 2010-2011 we were the virtual lecturers of the
14th Internet Seminar on Infinite-dimensional Linear Systems Theory. More than
300 participants attended this virtual course and a wikipage was used to discuss
the material and to post typos and comments. For this course we decided to add
extra chapters on finite-dimensional systems theory, and to make the material in
the later chapters more accessible.

We are indebted to the help from many colleagues and friends. We are grateful
to the participants of the DISC-course, the CIMPA-UNESCO-Marrakesch School
and the 14th Internet Seminar for their useful comments and questions. Large parts
of the manuscript have been read by our colleagues Mikael Kurula (Twente) and
Christian Wyss (Wuppertal), who made many useful comments for improvements.

We gratefully acknowledge the financial support of the German Research
Foundation (DFG) in form of a Mercator visiting professorship for the second
author.

Birgit Jacob and Hans Zwart,
November 2011
Wuppertal and Twente
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Chapter 1

Introduction

In this chapter we provide an introduction to the field of mathematical systems
theory. Besides examples we discuss the notion of feedback and we answer the
question why feedback is useful. However, before we start with the examples we
discuss the following picture, which can be seen as the essence of systems theory. In

Y

9—“— P _—

Figure 1.1: A system

systems theory, we consider models which are in contact with their environment.
In the above picture, P denotes the to-be-studied-model which interacts with its
environment via w and y. v and y are time signals, i.e., functions of the time f.
The function u denotes the signal which influences P and y is the signal which
we observe from P. u is called the input or control and y is called the output. The
character P is chosen, since it is short for plant, think of chemical or power plant.
To obtain a better understanding for the general setting as depicted in Figure 1.1,
we discuss several examples in which we indicate the input and output.
Regarding these examples, we should mention that we use different notations
for derivatives. In the best tradition of mathematics, we use f, 3—’;, and fM to
denote the first derivative of the function f. Similarly for higher derivatives.

1.1 Examples

Example 1.1.1. Newton’s second law states that the force applied to a body pro-
duces a proportional acceleration; that is

F(t) = mi(t). (1.1)
B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 1

Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1 1,
© Springer Basel 2012



2 Chapter 1. Introduction

Here ¢(t) denotes the position at time ¢ of the particle with mass m, and F(t) is
the force applied to it. Regarding the external force F'(t) as our input u(t) and
choosing the position ¢(t) as our output y(¢), we obtain the differential equation

j(t) = —u(t), t>0. (1.2)

Thus the differential equation describes the behaviour “inside the box P”, see
Figure 1.1. Further, we can influence the system via the external force u and we
observe the position y. In this simple example we clearly see that u is not the
only quantity that determines y. The output also depends on the initial position
¢(0) and the initial velocity ¢(0). They are normally not at our disposal to choose
freely, and so they are also “inside the box”.

Example 1.1.2. Consider the electrical network given by Figure 1.2. Here V' denotes
the voltage source, L1, Lo denote the inductance of the inductors, and C' denotes
the capacitance of the capacitor.

Ly i L::C i Loy

Figure 1.2: Electrical network

For the components in an electrical circuit, the following basic laws hold: the
current I, and voltage Vi, across an inductor with inductance L is related via

dI
_ i

Ve(t) = L=

(1), (1.3)
whereas the current I and voltage Vi of the capacitor with capacitance C' are

related via
dVe
=C—=(1). 1.4
=) (1.49)

The conservation of charge and energy in electrical circuits are described by Kirch-
hoft’s circuit laws. Kirchhoff’s first law states that at any node in an electrical
circuit, the sum of currents flowing into the node is equal to the sum of currents
flowing out of the node. Moreover, Kirchhoff’s second law says that the directed
sum of the electrical potential differences around any closed circuit must be zero.

Ic(t)
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Applying these laws to our example, we obtain the following differential equations:

B (1) = Vi, (1) = Vel0) + V(0), (15)
Lo df;z (t) = Vi, (t) = Ve(t), and (1.6)
C’%(t) = Io(t) = —Ip, (t) — Ip,(t). (1.7)

We assume that we can only measure the current I, i.e. we define
y(t) = I, (2).
Using (1.5), we obtain L1y (t) = Vo (t) + V(t). Further, (1.7) then implies
LiCy D (t) = —y(t) — I, (t) + CVI(2). (1.8)

Differentiating this equation once more and using (1.6), we find

LGy (1) =~y (0) - T2 (0) + OV (1) = —y (1) - V(o) + V()
=)~ — (L) - V(1) + V), (19)

where we have used (1.5) as well. We regard the voltage supplied by the voltage
source as the input u. Thus we obtain the following ordinary differential equation
describing our system:

LiCy® (1) + (1 + &> y D (t) = iu(t) + CuP(t). (1.10)
Lo Ly
Example 1.1.3. Suppose we have a mass m which can move along a line, as depicted
in Figure 1.3. The mass is connected to a spring with spring constant k, which
in turn is connected to a wall. Furthermore, the mass is connected to a damper
whose (friction) force is proportional to the velocity of the mass by the constant r.
The third force which is working on the mass is given by the external force F'(t).
Let g(t) be the distance of the mass to the equilibrium point. Then by New-
ton’s law we have that

md(t) = total sum of the forces.

As the force of the spring equals kq(t) and the force by the damper equals r¢(t),
we find
mi(t) + rd(t) + ka(t) = F(2). (1.11)

We regard the external force F'(t) as our input u and we choose the position as
our output y. This choice leads to the differential equation

mij(t) + ri(t) + ky(t) = u(t). (1.12)
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Figure 1.3: Mass-spring-system

Until now we have only seen examples which can be modelled by ordinary dif-
ferential equations. The following examples are modelled via a partial differential
equation.

Example 1.1.4. We consider the wibrating string as depicted in Figure 1.4. The
\S\JJ '

Figure 1.4: The vibrating string

MM

string is fixed at the left-hand side and may move freely at the right-hand side.
We allow that a force u may be applied at that side. The model of the (undamped)
vibrating string is given by

0%w 1 0
W(Cvt) = PGER

where ¢ € [a,b] is the spatial variable, w({,t) is the vertical displacement of the
string at position ¢ and time ¢, T  is the Young’s modulus of the string, and p is the
mass density, which may vary along the string. This model is a simplified version
of other systems where vibrations occur, as in the case of large structures, and it
is also used in acoustics. The partial differential equation (1.13) is also known as
the wave equation.

If the mass density and the Young’s modulus are constant, then we get the
partial differential equation

<T(C)§—?(C7t)) (1.13)

0%w 0w

W(Cﬂf) :CQa—@(Cat)7 (114)
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where ¢ = T'/p. This is the most familiar form of the wave equation.

In contrast to ordinary differential equations, we need boundary conditions
for our partial differential equation (1.13) or (1.14). At the left-hand side, we put
the position to zero, i.e.,

w(a,t) =0 (1.15)

and at the right-hand side, we have the balance of the forces, which gives

T(b)g—lg(b, £) = u(t). (1.16)

There are different options for the output. One option is to measure the velocity
at the right-hand side, i.e.,
ow

y(t) = S (0,0) (117)

Another option could be to measure the velocity at a point between a and b, or to
measure the position of the wave, i.e., y(t) = w(-,t). Hence at every time instant,
y is a function of the spatial coordinate.

We end this section with another well-known partial differential equation.

Example 1.1.5. The model of heat conduction consists of only one conservation
law, that is, the conservation of energy. It is given as

Oe 0

5 = a0’ (1.18)

where e((, t) is the energy density and Jg(¢,t) is the heat flux. This conservation
law is completed by two closure equations. The first one expresses the calorimetric
properties of the material:

Oe

oT
where T'((,t) is the temperature distribution and cy is the heat capacity. The
second closure equation defines the heat conduction property of the material
(Fourier’s conduction law):

= ey (T), (1.19)

oT
Jo=-\T,{)—, 1.20
Q (705 c (1.20)
where A(T, ¢) denotes the heat conduction coefficient. Assuming that the variations
of the temperature are not too large, we may assume that the heat capacity and the
heat conduction coefficient are independent of the temperature. Thus we obtain
the partial differential equation

%—::(C,t) = %a% (MC)Z—?(CJ)), ¢ e (ayb), t >0. (1.21)
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As for the vibrating string, the constant coefficient case is better known. This is

0T

aa—@((,t), ¢e(ab), t>0 (1.22)

or
N ’t —
with a = A/cy.
Again, we need boundary conditions for the partial differential equations
(1.21) and (1.22). If the heat conduction takes places in a perfectly insulated sur-
rounding, then no heat can flow in or out of the system, and we have as boundary

conditions a7 o7
a—c(a, t) =0, and )\(b)a—C

It can also be that the temperature at the boundary is prescribed. For instance,
if the ends are lying in a bath with melting ice, then we obtain the boundary
conditions

Aa) (b,t) = 0. (1.23)

T(a,t) =0, and T'(b,t) = 0. (1.24)

As measurement we can take the temperature at a point y(t) = T'(¢o,t), (o €
(a,b). Another choice could be the average temperature in an interval ({p,¢1). In
the latter case we find

1 ¢
o) = —— /C TG

As input we could control the temperature at one end of the spatial interval, e.g.
T(b,t) = u(t), or we could heat it in the interval ({p,(1). The latter choice leads
to the partial differential equation
10
Ccy 8(
where we define u(¢,t) = 0 for ¢ & (o, (1)-

ar

Tren =22 (Mo Fen) +ulcn

1.2 How to control a system?

In the previous section we have seen that there are many models in which we
can distinguish an input and an output. Via the input we have the possibility to
influence the system. In particular, we aim to choose the input w such that y or
all variables in the box behave as we desire. Note that the phrase “to behave as
we desire” means that we have to make choices. These choices will be based on
the type of plant we are dealing with. If P represents a passenger airplane, and
y the height, we do not want y to go from 10 kilometers to ground level in one
second. However, we would like that this happens in half an hour. On the other
hand, if the plant represents a stepper, then very fast action is essential. A stepper
is a device used in the manufacture of integrated circuits (ICs); it got its name
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from the fact that it moves or “steps” the silicon wafer from one shot location to
another. This has to be done very quickly, and with a precision on nano-meters.
So generally, the control task is to find an input u such that y has a desired
behaviour and we shall rarely do it by explicitly calculating the function u. More
often we design w on the basis of y. Hence instead of open loop systems described
by Figure 1.1, here given once more as Figure 1.5, we work with closed loop systems
given by Figure 1.6. In order to “read” the latter picture, it is sufficient to know

Figure 1.5: Our system

C

Figure 1.6: Feedback system

some simple rules. As before, by a rectangular block we denote a model relating
the incoming signal to the outgoing signal. This could for instance be an ordinary
or partial differential equation. Mathematically speaking one may see P and C
as operators mapping the signal u to the signal y and vice versa. At a node we
assume that the incoming signals are the same as the outgoing signals. The arrows
indicate the directions of the signals.

As before we denote by P the system that we desire to control, and by C' we
denote our (designed) controller.

In this section we show that closed loop systems have in general better prop-
erties than open loop systems. We explain the advantages by means of an example.
We consider the simple control problem of steering the position of the mass m to
zero, see Example 1.1.1. Hence, the control problem is to design the force F' such
that, for every initial position and every initial velocity of the mass, the position
of the mass is going to zero for time going to infinity. To simplify the problem
even more we assume that the mass m equals 1, and we assume that we measure
the velocity and the position, i.e.,

§(t) =u() and y(t) = [ a(t) } . (1.25)
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In Exercise 1.2 the case y(t) = ¢(t) is discussed.

In order to design the controller C' for the plant described by (1.25) we
proceed as follows. First we have to specify what we mean by “to behave as we
desire”, that is, we have to decide how and how fast the position should go to
zero. It is quite common to choose an “ideal” differential equation such that the
solutions have the desired behaviour. We consider the solutions of the differential
equation

FOW) 4+ 2fD @) + f(t) = 0. (1.26)

The general solution of (1.26) is given by f(t) = ae™t + Bte~t. This is to our
satisfaction, and so we try to design a control u such that the position ¢ is equal
to a solution of the equation (1.26). If we choose

u(ty=[ -1 =2 Jy(t) =-2¢"(t) — q(t), (1.27)

then the position of the mass indeed behaves in the same way as the solutions of
(1.26). Note that for the design of this feedback law no knowledge of the initial
position nor the initial velocity is needed. If we want to obtain the same behavior
of the solution by an open loop control, i.e., if we want to construct the input
as an explicit function of time, we need to know the initial position and the ini-
tial velocity. Suppose they are given as ¢(0) = —2 and ¢! (0) = 5, respectively.
Calculating the position as the solution of

g (t)+2¢P(t) +q(t) =0, t>0, q0)=-2, ¢P(0)=5,

we obtain
q(t) = —2e7" + 3te™". (1.28)

Thus by (1.27) we find
u(t) = —8e~ " + 3te " (1.29)

Applying this input to the system
¢ (t) = u(t) (1.30)

would give the same behavior as applying (1.27).

We simulate the open loop system, i.e., (1.30) with u(t) given by (1.29) and
the closed loop system, i.e, (1.30) with u(¢) given by (1.27). The result is shown
in Figure 1.7. We obtain that the simulation of the open loop system is worse
than the one of the closed loop system. This could be blamed on a bad numerical
solver, but even mathematically, we can show that the closed loop system behaves
in a superior manner to the open loop system. We have assumed that we know
the initial data exactly, but this will never be the case. So suppose that we have
(small) errors in both initial conditions, but we are unaware of the precise error.
Thus we apply the input (1.29) to the system

a2 () =u), t>0, q(0) = q0, ¢(0) = qu,
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L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

t—

Figure 1.7: The solution of the open loop system (1.30) and (1.29) (dashed line)
and the solution of the closed loop system (1.30) and (1.27) (solid line)

L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20
t—

Figure 1.8: The solution of the system 2¢() (t) = u(t) with feedback (1.27) (dashed
line) and the solution of the system (1.30) with the same feedback (1.27) (solid
line)

where go and ¢ are not exactly known initial conditions. The solution of this
ordinary differential equation is given by
q(t) = —2e " +3te™" + (qo +2) + (1 — H)t. (1.31)

Hence any small error in ¢(0) will remain, and any error in ¢ (0) will even in-
crease. This effect also occurred in the simulation. No matter how good the quality
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of the simulation is, there will always be small errors, which results in the misfit
of the solution.

Apart from the initial conditions which could contain a (small) error, there

is always the question of the exact value of the physical parameters. To illustrate
this, assume that we have measured the mass with a large error, so assume that the
real value of the mass is 2. By means of a simulation, we show that the feedback
law (1.27) still works. Note, the function ¢ can also be calculated analytically. The
position is still converging to zero, and so the design criterion is still satisfied. This
shows the power of feedback.

1.3 Exercises

1.1.

1.2

Consider the electrical network as given below.

=

Figure 1.9: RCL network

As input we choose the voltage supplied by the voltage source, and as output
we measure the voltage over the resistor. Note that the current Ir and the
voltage VR across a resistor with resistance R is related via Vg = RIR.
Determine the ordinary differential equation modeling the relation between
u and y.

As in Section 1.2 we study the system
i(t) = u(t). (1.32)

In this and the next exercise we investigate the properties of the feedback a
little further. First we show that the feedback as designed in Section 1.2 still
works well if we add some perturbation to the output. In the second part we
study whether the same holds for the open loop system.

(a) As output we choose
_ | a)
v =[10].
However, we assume that we cannot observe the output exactly due to
some noise. We model the noise as a small signal which changes quickly,
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e sin(wt)

and so we take [Esin(wt)

}, with ¢ small, and w large. For simplicity

we have taken both components of the noise to be equal, but this is
non-essential.
So the output that we have at our disposal for controlling the system is

q(t) e sin(wt)
[q’(t):| + {Esin(wt)] :
We apply the same feedback law as given in (1.27), that is,
u(t) = —2(q¢M (t) + esin(wt)) — (¢(t) + & sin(wt)).

Determine the solution of the closed loop system, and conclude that
the perturbation on the output y remains bounded. More precisely,
the perturbation on the output y is bounded by C'£, where C' > 0 is
independent of € > 0 and w > 1.

In the previous part we have seen that adding noise to the observation or
control hardly effects the desired behavior when we work with feedback
systems. We now investigate if the same holds for the open loop system.
We consider the system (1.32) with initial conditions ¢(0) = —2, ¢(0) =
5, as input we take

u(t) = —8e~ ' + 3te™" — 3esin(wt)

and as output we choose
v =[163]

Calculate the output y and conclude that the perturbation on the out-
put y is unbounded.

1.3. We consider again the system described by equation (1.32), but now we
assume that we measure the position only, i.e., y(t) = q(t).

(a)

As feedback we choose u(t) = ky(t), k € R, where y(t) = q(¢).

Show that for every k € R there exists an initial condition such that the
solutions of the differential equation (1.32) with this feedback do not
converge to zero.

As in the previous part we choose the output y(t) = ¢(¢), but we model
the controller C' again by a differential equation, that is, the input u is
an output of another system. More precisely, we choose

2(t) = —=3z(t) + 8y(1), u(t) = z(t) — 3y(t). (1.33)
Show that if y, z, u satisfies
2(t) = =3z(t) + 8y(t),
u(t) = z(t) — 3y(t),
§(t) = u(t),
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then y satisfies the equation

¥ (1) = 20(0) — 3y0(0) = 3 (4O(0) +39(0)) + 8u(t) — 3y (1),
Conclude that y converges exponentially to zero. More precisely, we
have |y(t)] < C(t? + 1)e~t, for some constant C' > 0.

1.4 Notes and references

The examples and results presented in this chapter can be found in many books on
systems theory. We refer to [50] and [32] for the examples described by ordinary
differential equations, and to [10] for the examples described by partial differential
equations. [50] also provides a discussion on feedback systems.



Chapter 2

State Space Representation

In the previous chapter we introduced models with an input and an output. These
models were described by an ordinary or partial differential equation. However,
there are other possibilities to model systems with inputs and outputs. In this
chapter we introduce the state space representation on a finite-dimensional state
space. Later we will encounter these representations on an infinite-dimensional
state space. State space representations enable us to study systems with inputs
and outputs in a uniform framework. In this chapter, we show that every model
described by an ordinary differential equation possesses a state space represen-
tation on a finite-dimensional state space, and that it is just a different way of
writing down the system. However, this different representation turns out to be
very important as we will see in the following chapters. In particular, it enables
us to develop general control strategies.

2.1 State space models

In this section, we show that every linear ordinary differential equation with con-
stant coefficients can be written in the form

@(t) = Az(t) + Bu(t),  y(t) = Cz(t) + Du(t), (2.1)

where z is a vector in R” (or C"), and A, B,C, and D are matrices of appropriate
sizes. This is known as the state space representation, state space system or state
space model. The vector x is called the state. State space representations with a
finite-dimensional state space are also called finite-dimensional systems. The first
equation of (2.1) is named the state differential equation.

Note that most of the calculations in this section are formally, that is, we do
not need the notion of (classical) solution of linear ordinary differential equations
with constant coefficients nor of a state space representation. Further, we have
no specific assumption on the input u. One may for simplicity just assume that

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 13
Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1 2,
© Springer Basel 2012
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u is sufficiently smooth. The aim of this section is to show that under some mild
conditions state space representations and linear ordinary differential equations
with constant coefficients are equivalent. Note that, under mild assumptions, it
can be shown that both representations possess the same solutions. In the next
section, we discuss the notion of classical and mild solutions of the state space
representation (2.1) in more details.

First of all we show that the Examples 1.1.1 and 1.1.2 have a state space
representation.

Example 2.1.1. Consider Newton’s law of Example 1.1.1, with input the force and
output the position, see equation (1.2),

ul(t) = mi(t).

We choose the state x(t) € R? as

For this choice we see that

o= (8112 [0 [g e o

m

Thus Newton’s law can be written in the standard state space formulation with

01 0
A[O o}’ B[i}, C=[1 0] and D=0.

m

For Newton’s law we had to introduce a new state variable in order to obtain
the state space representation. However, some models appear naturally in the state
space representation. This holds for example for the electrical circuit of Example
1.1.2.

Example 2.1.2. Consider the electrical circuit of Example 1.1.2. The differential
equation relating the voltage V provided by the voltage source, and the current
through the first inductor I, is given by the differential equation

L 1
LiCy® (1) + (1 + L_;> y M (t) = L—Qu(t) + Cu@(t).

However, to find the state space representation we use the equations (1.5)—(1.7)
directly, that is, we consider the equations

Ly () = Vi, (1) = Vo) + V(@) (23)
Lo dfl? (t) = Vi, (t) = Vel(t), and (2.4)
Ve ) — 100ty = —10, (8) — I, (1), (2.5)

dt
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As state vector we choose

z1(t) I, (t)
x(t) = | x2(t) | = | Ir,(t)
x3(t) Ve (t)

Using the equations (2.3)—(2.5) we find

as(t) + V(1) 0 0 + z1(t) 7
i(t) = 3(t) = 0 0 £ z2(t) |+ 0 | V().
—dai(t) — Laa(t) - -1 0 3(t) 0

(2.6)
If we use the (standard) notation u for the input V' and y for the output/measure-
ment Iy, then the system of Example 1.1.2 can be written in the state space
representation with

0 0 4 =
A=| 0 0 £ |, B=| 0|, C=[10 0] andD=0.
1 _1 9 0
C C

Our construction of the state space representation may seem rather ad-hoc.
However, next we show that every linear ordinary differential equation with con-
stant coefficients has a state space representation. In order to explain the main
ideas we first consider an example.

Example 2.1.3. Consider the following differential equation.
g(t) + 5y(t) + 6y(t) = 7u(t) + 8u(t). (2.7)

The standard way of deriving a state space representation from a differential equa-
tion is to transform it into an integral equation.

In order to this we first move every term, except the highest derivative of y,
to the right-hand side of the equation. Thus we obtain,

§(t) = Ta(t) + 8u(t) — 5y(t) — 6y(t).

Now we integrate this equation as often as needed to remove all the derivatives of
Y, here we have to integrate twice

y(t) = /0 /OS (711(7’) + 8u(r) — 5y(r) — Gy(T)) drds+ y(0) + g(0)t
= / (7u(s) — 5y(s) — 7u(0) + 5y(0) + /S 8u(r) — 6y(T) dT) ds + y(0) + y(0)t
0 0

=y(0)+ /0 <7u(s) — 5y(s) — Tu(0) + 5y(0) + ¢(0) + /0S 8u(T) — 6y(T) d’l’) ds.
(2.8)
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Note that we only have to evaluate two integrals: the integral of —6y(¢) + 8u(t),
and the integral of the first integral plus Tu(t) — 5y(t) — 7u(0) + 5y(0) + y(0). Up
to a constant, we choose the result of these integrals as our state variables, i.e.,
:Ek(t), k= 1,2,

() = /0 (7u(s) — 5y(s) —7u(0) + 5y(0) + §(0) + /O Su(r) — 6y(7) dT) ds +1(0) .

With this choice of variables we obtain

y(t) = 1(1)
21(t) = Tu(t) — 5y(t) + x2(t)
@9 (t) = 8u(t) — 6y(t)

or equivalently

i(t) = [ o }:c(t) 4 [ : }u(t), (2.9)

y(t) = [ 10 }J’J(t) (2.10)
This is a state space representation of the differential equation (2.7).

For a general differential equation with constant coefficients we can adopt
the procedure used in the previous example. In order not to drown in the notation
and formulas we omit the variable ¢. Consider the differential equation

Y™ 41y iy poy = g™ + g1 u™ Y - i gou

(2.11)
We assume that n > m. Note that without loss of generality, we may assume that
m = n, otherwise we may choose ¢;,+1 = -+ = ¢, = 0. Moving every y-term,

except the highest derivative of y, to the right-hand side gives

y" = gnu™ + (qn_w("’” - pn_ly(”’”) ot (qw(l) — ply(l)) +(gou — poy) -

In order to explain the main ideas we ignore the initial conditions in the following.
Integrating this equation n times and reordering the terms, we obtain

yqnu+/(qn1upn1y+"'+/(qwp1y+/(quoy))>-

Each integral defines a state variable

Y = qpu + /(qn—lu —Pn—1Y + -+ /(qlu —py + /(QOU —poy))> .
~—_——

Tn

Tn—1
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Hence we obtain the following (differential) equations:

y(t) = qnu(t) + z1(t),
xl(t) = q”—lu(t) - pn—ly(t) + .’I/'Q(t),

Tp-1(t) = qru(t) — p1y(t) + zn(t),
i (t) = qou(t) — poy(t).

This system corresponds to the state space representation

—Pn—1 1 0 - 0 dn—1 — Pn—14n
-pr 0 -~ 0 1 q1 — P1qn
-po 0 -~ 0 O qo — Poqn
y)=[1 0 ... 0]a(t)+gnul(t). (2.13)

We summarize the above result in a theorem.

Theorem 2.1.4. If m < n, then the ordinary differential equation (2.11) can be
written as a state space system with an n-dimensional state space. One possible
choice is given by (2.12) and (2.13).

Concluding, every ordinary differential equation with constant coefficients
has a space space representation, provided the highest derivative of the input does
not exceed the highest derivative of the output.

A natural question is, if the converse holds as well. Hence given a state space
representation, can we find an ordinary differential equation relating v and y. We
show next that this holds under a mild condition.

Theorem 2.1.5. Consider the stale space system as given in equation (2.1) and
assume that the output is scalar-valued. If the matrix

c
CA
0= , (2.14)

CA.nfl
has full rank, then there exists a differential equation describing the relation of u
and y.

Proof. In order to derive the differential equation describing the relation of u and
y, we assume that the input u is (n — 1)-times differentiable. This implies that the
output y is also (n — 1)-times differentiable. As the output is scalar-valued, the
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matrix O is a square matrix. Thus by assumption © is invertible. Differentiating
the equation y(t) = Cxz(t) + Du(t) and using the differential equation for z, we
find

y = C (Az 4+ Bu) + DuV.

By induction it is now easy to see that

k—1
y® = cAkz 4+ cA B Y + Du®), (2.15)
£=0
Hence we have that
y C D 0 0 u
y® CA CB D w®
. = . T+
yn CAnt can=2p ... ¢ p | Lu"Y
D 0 --- 0 U
. 1)
. u
= Oz + C.B b C . : (2.16)
. t. . T . O ( :_1)
CA"2B ... CB D u’
Since O is invertible, 2 can be expressed by u, y and its derivatives
y D 0o --- 0 u
(1) (1)
y U
r=9"" , -0t CB b (2.17)
X : . .. 0 X
y Y cA2B ... ¢B p | Lu"Y
Inserting this in (2.15) with k = n, we find
n—1
y"=CAMx + Y CA'Bu 7Y 4 Dulm
£=0
y D 0 --- 0 U
(1) (1)
y u
—carot| Y | —canpt| B D
: : 0
y b can-2p ... ¢ p | Lu"Y
n—1
+Y CA'Bu"1 4 Du™, (2.18)

£=0

This is a differential equation relating v and y, and thus the theorem is proved. [
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We apply the above result on the example of the electrical circuit, see Ex-
ample 2.1.2.

Example 2.1.6. Consider the state space representation of Example 2.1.2. Since
n = 3, the matrix O, see (2.14) is given by

1 0 0
O=1| 0 0 I
_ 1 _ 1 0
I.C I,C
which is invertible with inverse

1 0 0
Otlt=| -1 0 -LC

0 I 0

We calculate the other terms in equation (2.18)

1
—, CAB =0, and CA’B = —
1

L
)
y(l)
y(2)

1

1 1
CA?’:[O 0 _Lf—C_m}’CB: L%—C

Substituting this in (2.18), we obtain

) 1 1 0 0
y?=[0 0 —do-rie || -1 0 -LC

1 0 0 0 O u
1 1
B [ 00 _L%_C T L1L.C :| -1 0 —L.C LLl 0 0 U(l)
0 I 0 0 £ 0 u®
1 (2) 1
+ L1u L%C’u.

Evaluating all the products, we find the differential equation

oo (L Yo (Lt )y, e L,
L,C " IL,O 3C " LiL.C L L3C

This is exactly equation (1.10).

Hence, we have shown that state space models appear naturally when model-
ing a system, but they can also be obtained from an ordinary differential equation.

2.2 Solutions of the state space models

In this section, we derive the solution of equation (2.1). This equation consists
of a differential equation and an algebraic equation. If the differential equation
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is solved, then the solution of the algebraic equation follows directly. Thus we
concentrate here on the differential equation

&(t) = Ax(t) + Bu(t), z(0) = xo. (2.20)

In our examples all our matrices and state spaces were real. However, sometimes
it is useful to work on C™ instead of R™. So we assume that A € K"*" B € K"*™
and xp € K™, where K equals either R or C.

Equation (2.20) is a system of linear inhomogeneous differential equations
with constant coefficients. By a classical solution of (2.20) we mean a function
x € C1([0,00); K") satisfying (2.20).

Theorem 2.2.1. If u € C([0,00); K"™), then the unique classical solution of (2.20)
is given by the variation of constant formula

t
z(t) = eMay + / A=) Bu(s)ds,  t>0. (2.21)
0

For completeness we include a proof of this theorem. However, we assume
that the reader is familiar with the fact that the (unique) solution of &(t) =
Az(t),z(0) = xg is given by e?tx.

Proof. We first assume that z is a classical solution of (2.20). Then we have

di[eA@*S)x(s)] = A7) 5(s) — AeATz(s)

s
= A=) Az (s) + Bu(s)] — Aet =) x(s)
= eAt=%) Bu(s),

which implies

t t
/ eA(tfs)Bu(s) ds — / di[eA(t*S):z:(s)] ds — eA(t*t)a:(t) _ eA(t*U)Q:(O)
0 0o @s

= x(t) — ey,

Equivalently, equation (2.21) holds. This shows that the solution is unique provided
it exists. Thus it remains to show the existence of a classical solution.

Clearly, all we need to show is that = defined by (2.21) is an element of
C1([0,0); K™) and satisfies the differential equation (2.20). It is easy to see that
z € C1([0,00); K™). Moreover, for t > 0 we have

¢
i(t) = Aexq + Bu(t) + / A=) Bu(s) ds
0

t
=A (eAtxo —l—/ e Buy(s) ds) + Bu(t)
0

= Ax(t) + Bu(t).
This concludes the proof of the theorem. O
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Thus for continuous input signals, there exists always a unique classical
solution of the differential equation (2.20). However, we would like to have the
freedom to deal with discontinuous and in particular (square) integrable inputs.
Hence we choose as our input function space the set of locally integrable func-
tions, L .([0,00); K™). Under mild conditions the existence of a classical solu-
tion implies the continuity of the input function u, see Exercise 2.2. Thus for
uw € Li ([0,00); K™) we cannot expect that the differential equation (2.20) pos-
sesses a classical solution. However, for these input functions the integral (2.21) is

well-defined, and it defines a mild solution as we show in the following.

Definition 2.2.2. A continuous function z : [0,00) — K" is called a mild solution
of (2.20) if z is continuous and satisfies the integrated version of the differential
equation (2.20), i.e., if it satisfies

x(t) = o + /Ot Az(s) + Bu(s)ds fort > 0. (2.22)

The following theorem is proved in Exercise 2.2.

Theorem 2.2.3. Let u € L ([0,00); K™). Then equation (2.20) possesses a unique

loc

mild solution which is given by (2.21).

Thus for every u € Li ([0,00); K™) the state space system (2.1) has the

loc
unique (mild) solution given by

¢
z(t) = ey +/ e %) Bu(s) ds,
0

¢
y(t) = Cetag + / Ce* =) Bu(s) ds + Du(t).
0

In the next session we discuss a special class of state space models.

2.3 Port-Hamiltonian systems

The state space of the state space system (2.1) is given by the Euclidean space
R™ or C™, and thus it is natural to work with the standard Euclidean norm/inner
product on the state space. However, for many (physical) examples this is not the
best choice. For these systems it is preferable to take the energy as the norm. To
illustrate this, we return to Example 2.1.2.

Example 2.3.1. The model of the electrical network of Example 2.1.2 is given by,
see (2.3)—(2.5),
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I,

Ly B (0) = Vi, (1) = Ve (6) + V (1), (2.23)
L (1) = v, (6 = Vo), (2.24)
C%(t) — Io(t) = — Lo, () — I, (8). (2.25)

As in Example 2.1.2 we choose I, I1,, and Vo as the state space variables, and
so the natural norm on the state space seems to be

I,
I, |||=+/Iz, + 17, + V&
Ve

However, this is not the best choice. The preferred norm for this example is the
square root of the energy of the (physical) system. For this particular example,
the energy equals

1
E = (LI}, + LaIf, + CVE) . (2.26)
Although this norm is equivalent to the Euclidean norm, the energy norm has

some advantages. To illustrate this, we differentiate the energy along solutions.
Using (2.23)—-(2.25), we find that

dE Iy, dIr,, dve
E(t)—Ll 7 (t) L, (t) + L2 7 (t)p,(t)+C 7 (t)Ve(t)

=Vet) + V)L, () + Vo)L, () + (=11, () — I, (1)) Ve(t)
— V(D)L (8). (2.27)

Thus the derivative of the energy along solutions equals the product of the input
times the output, see Example 2.1.2. Note that, if we apply no voltage to the
system, then the energy will remain constant which implies that the eigenvalues
of the matrix A in Example 2.1.2 are on the imaginary axis.

The energy of the system does not only provide a link with physics, also
system properties become simpler to prove. The above example is a particular
example of a port-Hamiltonian system. Recall that a matrix H is positive-definite
if it is self-adjoint and if x*Hax > 0 for all vectors x # 0. Note that we always write
x* even if we deal with real vectors, and in this situation z* equals the transpose
of the vector.

Definition 2.3.2. Let H be a positive-definite matrix, and let J be a skew-adjoint
matrix, i.e., J* = —J. Then the system

x(t) = JHz(t) + Bu(t) (2.28)
y(t) = B*Hax(t) (2.29)
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is called a port-Hamiltonian system associated to H and J. J is called the structure
matriz and H is the Hamiltonian density. The Hamiltonian associated to H is
%x*?{x.

This definition is a special case of a much more general definition. We have
restricted ourselves here to the linear case, in which the Hamiltonian is quadratic,
i.e., equals %x*?{x, but other Hamiltonian’s are also possible. In many examples
the Hamiltonian will be equal to the energy of the system.

Since H is positive-definite, the expression %x*’Hm defines a new norm on K",
see for example (2.26). This norm is associated to the inner product (z,y)y =
y*Hx, and is equivalent to the Euclidean norm. Port-Hamiltonian systems possess
the following properties.

Lemma 2.3.3. Let the norm || - |3 on K" be defined as ||z||3 = y/32*Hx, where

H is an arbitrary positive-definite matriz, and let x be a (classical) solution of
(2.28)—(2.29). Then the following equality holds:

djz(t)13,
dt

Proof. As x is a classical solution, we may differentiate the squared norm, and
obtain

= Re (y(t)"u(t)). (2.30)

dlz@)lz 1 o
TH =3 a(t) Hi(t) + 2x(t) Ha(t)
- % (6" H (JHx(t) + Bu(t)) + % (JHa(t) + Bu(t))” Ha(t)
_ %( (0 HTHa(8) +a(t) H T Hae(t)+ () HBu(t)+u* (t) B*Ha(t))
=0+ 5 (1) ult) + w ()y(0) (2.31)
where we have used that .J is skew-adjoint and H is self-adjoint. O

From the equality (2.30), we can conclude several facts. If u = 0, then the
Hamiltonian is constant. Thus the solutions lie on isoclines, and the energy remains
constant when applying no control. Furthermore, we also get an idea of how to
stabilize the system, i.e., how to steer the state to zero. The input u(t) = —ky(t),
k > 0, makes the energy non-increasing. This line of research will be further
developed in Chapter 4. We end this chapter by identifying the structure matrix
and the Hamiltonian density for the electrical network of Example 2.3.1. If we
choose the state x as in Example 2.1.2, then

0 0 ﬁ Li 0 0
J = 0 0 ne |» H=] 0 Ly 0 |. (2.32)
— ch - L;C 0 0o o0 C

However, it is possible to choose a state variable for which J is not depending on
the physical parameters, see Exercise 2.3.
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2.4 Exercises

2.1. In this exercise we show that a state space representation is not uniquely
determined.

(a) Consider Example 2.1.1, and obtain a state space representation of New-

ton’s law with state z(t) = [Zég }

(b) Counsider the state space model (2.1). Let T by an invertible n X n-
matrix, and define z(t) = Tz(t).
Show that z is also a state of a state space representation, i.e., determine
Ar, Br,Cr, and Dr such that

A(t) = Apz(t) + Bru(t)  y(t) = Cpz(t) + Dru(t). (2.33)

(¢) Under the assumption that the output function is scalar-valued and the
matrix O, see (2.14), has full rank, show that the differential equation
relating u and y determined by (2.1) equals the differential equation
relating « and y determined by (2.33).

Hence although the state is non-unique, the differential equation relating
the input and output is.

2.2. In this exercise we study the solutions of the state space representation (2.20)
in more detail.

(a) Show that if x is a classical solution of (2.20) and B is injective, then u
is continuous.

(b) Prove Theorem 2.2.3.

Beside the notion of a mild solution there is also the notion of a weak
solution. A function x : [0,00) — K" is said to be a weak solution of the
differential equation (2.20), if « is continuous and if for every ¢ > 0 and every
g € C1([0,#]; K™) the following holds

/O 9(m)" (Ax() + Bu(r)) + §()" () dr = g(t)"x(t) — g(0)"zo.

It can be proved that for every u € L{, ([0, 00); K™), the function z given by

(2.21) is the unique weak solution of (2.20).

2.3. In this exercise we investigate again the port-Hamiltonian structure of the
electrical network of Example 2.1.2.

(a) Show that the state space model as derived in Example 2.1.2 can be
written as a port-Hamiltonian model with the J and H given by (2.32).

(b) For a port-Hamiltonian system the matrix A in the state space rep-
resentation is given by J7H. However, there are many ways of writing
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a matrix as a product of two other matrices, and thus the matrices J
and H are not uniquely determined. Therefore, we may add additional
conditions. The standard condition is that J may not depend on the
physical parameters, which also explains the name “structure matrix”.
Choose a state x such that the electrical network of Example 2.1.2 can
be written as a port-Hamiltonian system with

0 1

J = 0 0 1

-1 -1 0

Determine the Hamiltonian density in this situation and show that the
Hamiltonian remains unchanged.

2.5 Notes and references

After the famous work of Kalman [29] in the 1960s, state space formulation has
become one of the most used representation of systems. We refer to [25], [32], and
[50] for further results on state space representations. Concerning the results on
port-Hamiltonian systems we followed van der Schaft [55].



Chapter 3

Controllability of
Finite-Dimensional Systems

In this chapter we study the notion of controllability for finite-dimensional systems
as introduced in Chapter 2. For this notion we only need the state differential
equation

&(t) = Ax(t) + Bu(t), x(0) = xo, t>0, (3.1)

where A and B are matrices, xg is a vector and w is a locally integrable function.
As before, we denote by K the set R or C and we denote the system (3.1) by
(A, B). We recall that the unique mild solution of (3.1) is given by

t
z(t) = etz +/ eA(t_S)Bu(s) ds, t>0. (3.2)
0

Intuitively, the concept of controllability concerns the problem of steering the state
of the system from a given state into another state.

3.1 Controllability

There are different notions of controllability available in the literature, most of
them are equivalent for finite-dimensional systems. We will see later on, that this
is not the case when it comes to infinite-dimensional systems.

Definition 3.1.1. Let A € K®*™ and B € K"*™. We call the system X(A, B)
controllable, if for every xp,x1 € K" there exists a t; > 0 and a function u €
LY((0,t1); K™) such that the mild solution z of (3.1), given by (3.2), satisfies
x(t1) = x1.

A controllable system has the property that we are able to steer from every
point to every other point in the state space. The ability to steer from the origin

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 27
Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1 3,
© Springer Basel 2012
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to every point in the state space is known as reachability. This will be defined
next. It is clear that controllability implies reachability. In fact, for the system
(3.1) these notions are equivalent, see Theorem 3.1.6.

Definition 3.1.2. The system (A, B) is reachable if for every x; € K™ there exists
at; >0 and a function u € L'((0,#1); K™) such that the unique mild solution of
(3.1) with @y = 0 satisfies z(t1) = ;.

In order to characterize controllability of the system (A, B) we introduce
the controllability matrix and the controllability Gramian.

Definition 3.1.3. Let A € K"*"™ and B € K"*™. We define the controllability
matriz R(A, B) by

R(A,B):=[ B, AB, --- ,A"'B]. (3.3)

The controllability Gramian Wy, t > 0, is defined by
t *
W = / e BB e ¢ ds. (3.4)
0

It is clear that W, is an n X n-matrix, whereas R(A, B) is an element of K"*""™,

For ¢t > 0 it is easy to see that the matrix W; is positive semi-definite, i.e.
*Wix > 0 for all x € K™. Moreover, W; is positive definite if and only if W;
is invertible. In the following we frequently use the Theorem of Cayley-Hamilton,
which we formulate next. For a proof we refer to standard textbooks on linear
algebra.

Theorem 3.1.4 (Theorem of Cayley-Hamilton). Let A € K™*™ with the character-
istic polynomial given by p(\) := det(AI — A). Then A satisfies p(A) = 0.

The Theorem of Cayley-Hamilton states that A™ can be expressed as a linear
combination of the lower matrix powers of A. We need some more standard defini-
tions from linear algebra. For a matrix T' € KP*4, the rank of T is denoted by rk T,
and the subspace ranT, the range of T, is defined by ranT := {y e K? | y = Tx
for some 2 € K?}.

The range of the controllability Gramian W, is independent of ¢ and equals
the range of the controllability matrix as it is shown in the following proposition.

Proposition 3.1.5. For every t > 0 we have ran W; = ran R(A, B). In particular,
Wy is positive definite if and only if tk R(A, B) = n.

Proof. We show that (ran W;)1 = (ran R(4, B))*.
Let us first assume that = € (ran R(A, B))t. Thus 2*AKB = 0 for k =
0,...,n — 1. By the Theorem of Cayley-Hamilton we obtain

" A*B =0, ke N,
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and in particular
(o]
*AkB
e B = Z‘” 0, s>0. (3.5)
Let ¢ > 0 be arbitrary. It follows from (3.5) that
t *
W = / 2 eA*BB*e? * ds = 0,
0

and therefore z € (ran W;)=+
Conversely, let z € (ran W;)* for some ¢ > 0. This implies

t
0=a"Wx = / | B* e * x| ds.
0

As the function s ~ ||B*e“ *z|? is continuous and non-negative, we obtain
B*eA™sx = 0 for every s € [0,t]. In particular, z* B = 0. Moreover, we obtain

dk *A* * *\ k
0= 7 (B'e""a)| =B Az, keN.

s=0

This implies #* A* B = 0 for every k€N, and thus in particular x € (ran R(4, B))*
]

We are now in the position to characterize controllability. In particular, we
show that if the system X(A, B) is controllable, then it is controllable in arbitrarily
short time. We note, that this result is no longer true for infinite-dimensional
systems.

Theorem 3.1.6. Let A € K"*"™, B € K"*™ and t; > 0. Then the following state-
ments are equivalent:

1. For every t; > 0 the system (A, B) is controllable in time t1, that is, for
every xo,z1 € K" there exists a function u € L*((0,t1); K™) such that the
unique mild solution of (3.1) satisfies x(t1) = 1.

2. The system %(A, B) is controllable.
3. The system ¥(A, B) is reachable.
4. The rank of R(A, B) equals n.

Proof. Clearly part 1 implies part 2, and part 2 implies part 3.
We now prove that part 3 implies part 4. Therefore, we assume that the
system X (A, B) is reachable. Let x € K™ be arbitrary. It is sufficient to show that
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x € ran R(A, B). As the system (A, B) is reachable, there exists a time ¢; > 0
and a function u € L*((0,¢1); K™) such that

t1
x:/ eA1=%) Bu(s) ds.
0

Using Theorem 3.1.4 and the fact that ran R(A, B) is a (closed) subspace of K",
we obtain

o Ok
eA(tl—s)Bu(s) — Z %AkBu(s) € ran R(A, B).
k=0 -

€ran R(A,B)

Thus

oo

"o -9k
= ; Z TA Bu(s)ds € ran R(A, B),
k=0

where we have used again the fact that every subspace of a finite-dimensional
space is closed. Thus part 4 is proved.

Finally, we prove the implication from part 4 to part 1. Thus we assume that
rk R(A, B) = n. Let x € K" and ¢; > 0 be arbitrary. We have to show that there
is a function u € L'((0,#1); K™) such that

ty
x = Mg +/ eA(tlfs)Bu(s) ds.
0
By Proposition 3.1.5, there exists a vector y € K" such that
t1 .
xy — Mgy =W,y = / e BB e Sy ds. (3.6)
0

We define the function u € L'((0,¢;); K™) by
u(s) == B*er =9y s (0,1). (3.7)
Using (3.6) and (3.7), we obtain

t1 t1 t1
x — ey = / e*BB* et Sy ds = / e Bu(t; —s)ds = / eA1=%) Bu(s) ds.
0 0 0
In other words, 1 = eAtla:O—&—fotl eA(tl_S)Bu(s) ds and thus the theorem is proved.
[l

Theorem 3.1.6 shows that controllability can be checked by a simple rank
condition. Furthermore, we see that if the system is controllable, then the control
can be chosen as u(s) = B*eA" (=W, (2 — ettizy), see (3.6) and (3.7). In
particular, the control can be chosen to be smooth, whereas in the definition we
only required that the control is integrable.

We close this session with some examples.
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Figure 3.1: Cart with pendulum

Example 3.1.7. We consider a cart on a container bridge to which a pendulum has
been attached, see Figure 3.1. The pendulum represents the clamshell. The cart is
driven by a motor which at time ¢ exerts a force u(t) taken as control. We assume
that all motion occurs in a plane, that is the cart moves along a straight line.
Let M > 0 be the mass of the cart, m > 0 be the mass of the pendulum, which
we assume is concentrated at the tip, £ > 0 be the length of the pendulum, s be
the displacement of the center of the cart with respect to some fixed point, 6 be
the angle that the pendulum forms with the vertical, and g be the acceleration of
gravity. We assume that the angle 6 is small, and thus the kinectic energy equals
%M‘é2 + %m(s + 59)2 and the potential energy %mgéﬂQ. The Lagrange’s equations
give . .
(M +m)8 + mll = u, 5+ 100+ go = 0.

Thus we obtain the following linear system of differential equations

. 1
M3s =u+mgh, 0:—(1+%)%07mu.

Choosing z := (s, 5,0, H)T as state variable, the corresponding state space repre-
sentation is given by

0 1 0 0 0

. 0 0 mg 0 L
() = 0 0 %f 1 x(t) + ]‘O/[ u(t).

00 —(1+2)2 0 -1

—=:A =:B

Thus the controllability matrix R(A, B) of the system is given by

R(A,B)=| M M
e e A ATRNCES

-7 0 (1+8):% 0
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Dividing the first and the second row by ¢ and adding it to the third and fourth
row, respectively, we find that R(A, B) is similar to

0 % 0 i
M 0 T M2¢ 0
0 0 0 ﬁ
0 O ﬁ 0

As the rank of this matrix is 4, the rank of R(A, B) is 4, and thus the system is
controllable.

Example 3.1.8. Consider the electrical network given by Figure 3.2. Here V' denotes
the voltage source, L1, Lo denote the inductance of the inductors, and C' denotes
the capacitance of the capacitor. As in Example 1.1.2, using Kirchhoff’s laws and

<(T

Figure 3.2: Electrical network

the equations Vi, (t) = L%(t) and Ic(t) = C%(t), see (1.3) and (1.4), we obtain
the system equations

dl
Ly d?l =V, =Ve -V, (3.8)
dl
Lo d? =V, =Ve—-V, and (3.9)
dV
Cd—c =Ic=—1Ip, —1Ip,. (3.10)
t
1 I,
Choosing the state x = (mg) = <IL2> and the control u(t) = V(t), we receive
r Vi
the state space representation ¢
o0 g 2
gt)=1 0 0 £ |z®)+ | -7 |u®). (3.11)
1 _1 9 0
c c
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The controllability matrix is given by

1 1

1
T Ly 0 CL? +on.m
1 1 1
1 1
O CL1 + CL2 O

Since L, times the first row equals Ly times the second row, we obtain rk R(A, B) =
2 and thus the system X(A, B) is not controllable. The lack of controllability can
also be seen from equation (3.8) and (3.9). The voltage over the inductors is the
same independent of the input w. Hence Lqx1(t) — Loxo(t) is constant, and so
we cannot choose x1(t) and x2(t) independent of each other. Their relation is
determined by the initial state.

We have seen in Chapter 2 that the choice for the state is to some extent
arbitrary. For example, we can just interchange two state variables. However, the
property of controllability is independent of this particular choice of state variables,
see Lemma 3.2.2. Thus it is desirable to choose the state such that the matrices
A and B have a special form. This question is studied in the next section.

3.2 Normal forms

In the last paragraph of the previous section we discussed the fact that the state is
non-unique. Therefore it is often useful to study systems under a change of basis
in the state space K". Let T' € K™*" be invertible. Then the basis transformation
& := T~z transforms the system (3.1) into the system, see also Exercise 2.1,

i(t) = TTYAT#(t) + T~ *Bu(t), #(0)=T"'zo, t>0. (3.13)

This leads to the following definition.

Definition 3.2.1. Let A, A € K" and B, B € K™*™. The systems ¥(A, B) and
(A, B) are called similar, if there exists an invertible matrix 7' € K™*™ such that

(A,B) = (T"*AT,T'B). (3.14)

It is easy to see that the controllability matrices of similar systems are related
by
R(A,B) =T 'R(A, B), (3.15)

where (A, B) and (A, B) are as in (3.14). This immediately leads to the following
result.

Lemma 3.2.2. Let (A, B) and (A, B) be as in (3.14). The system (A, B) is con-
trollable if and only if the system %(A, B) is controllable.
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In particular, the statement of the lemma shows that controllability is a
property of the system, and not of the particular representation we have chosen
for the system. Thus we may try to find a matrix 7" for which (fl, B) has a simple
form or equivalently to find a normal form for the system (A, B). An application
of the following normal form will be given in the next chapter.

Theorem 3.2.3. Let A € K™ and b € K™ be such that (A, b) is controllable.
Then there exists an invertible matriz T € K*"*™ such that

0 1 o --- 0
0
~ M ~ 0
b:=Tb= |- and A:=TAT™!=
0 : . . 0
1 0 e oD 1
7(1,0 7(1/1 ... CEEEEY 7(1”’7471
The numbers ag, ...,an—1 € K are uniquely determined as the coefficients of the

characteristic polynomial of A, i.e., det(sI — A) = Z;:Ol ajs’ + sm.

Proof. Let R := R(A,b). The assumption that X(A,b) is controllable implies that
the matrix R is invertible. We write

R '=

*

Un,

with v; € K™, i =1,...,n. By the definition of R and v}, we have

4 0, 7=0,...,n—2,
i AlD = J (3.16)
1, j=n—1.
Next we show that the vectors v, viA, ..., v5 A" ! are linearly independent.
Therefore we assume that there exist scalars ayq, ..., a, such that

n
> awp AT =0 (3.17)

i=1

Multiplying this equation from the right by b yields
Z OLﬂ)ZAiilb =0.
i=1

Thus (3.16) implies «,, = 0. Multiplication of (3.17) by Ab and using again (3.16),
then implies a;,,—1 = 0. In general, multiplying (3.17) sequently by b, Ab, A, ...
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and using (3.16), implies a3 = -+ = «a, = 0, that is, the vectors v}, viA, ...,
vi A"~ are linearly independent. In particular, this implies that the matrix

*
U’IL

vr A
T=| " | exvn (3.18)
vi AL

is invertible.
By ag,...,an,—1 € K we denote the coefficients of the characteristic polyno-
mial of the matrix A, that is,

n—1

det(sI — A) Zajs] + 5"
The Theorem of Cayley-Hamilton now implies that A™ = — """ =0 aJA and thus

n—1
— > ajup Al (3.19)
=0

Combining (3.19), (3.18) and (3.16), it is easy to see that

0 1 o - 0
TA = : = . . . T and Tb=
. . . : .. .. O 0
v A 0 e 0 1 1
7(1,0 70/1 DY ... 7an71
This proves the assertion of the theorem. O

The previous theorem shows that every controllable system 3(A,b) is sim-
ilar to a simple system, only containing ones, zeros, and the coeflicients of the
characteristic polynomial. The following result, known as Kalman controllability
decomposition, is often useful in order to find simple proofs concerning controlla-
bility.

Theorem 3.2.4. Let A € K™*" and B € K"*™. If the system %(A, B) is not
controllable, that is, Ttk R(A,B) = r < n, then X(A, B) is similar to a system

S(A, B) of the form
an=(% 4.[2])

with suitable matrices A1 € K'*<" Ay € K"X(”_”'),A4 e Kn=mx(n=) gnd B, €
K"™*™. Moreover, the system 3(Ay, B1) is controllable.
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Proof. Let Z :=ran R(A, B) = span {vy,...,v,} C K™ Thus we can find vectors
Upig1,-- -, Uy € K" such that the vectors vy, ..., v, form a basis of K. We define

T:=[v, ... ,v5] €K™
Therefore, T is invertible. We define
B:=T7'B and A:=T7'AT.

These definitions imply that the systems X(A, B) and E(A,B) are similar. As
ran B C Z, we see

5 B
_p—lp_ D1
perp= 3]
with B; € K™,
By the Theorem of Cayley-Hamilton we have ran AR(A, B) C ran R(A, B) =
7 = span{vy,...,v,} and thus

AT =TA=T {Al AQ}

0 Ay

with suitable matrices {11 € Kf”, Ay € K= and Ay € KO=7)*(=7) Using
the representations of A and B we obtain

B, AB, - A"'B

R(4,B) = 0 0o .- 0

} =T 'R(A, B).

Since multiplication by an invertible matrix does not change the rank, the rank of
R(A, B) equals r = tk R(A, B). Furthermore, we obtain

tk [By,A1By,..., A} 'B] =r.

Since A; is an r x r matrix, the Theorem of Cayley-Hamilton implies that the
rank of [Bl,AlBl, e ,A?‘lB] equals the rank of R(A;, By). Thus the rank of
R(A1, By) equals the dimension of the associated state space, and thus X(Aq, By)
is controllable. O

3.3 [Exercises
3.1. In this exercise we obtain some additional tests for controllability of the
system (A, B) with A € C"*"™ and B € C"*™.

(a) Show that the system X (A, B) is controllable if and only if for every
eigenvector v of A* we have v*B # 0.

(b) Show that the system X (A, B) is controllable if and only if rk[sI —
A, B] =nfor all s € C.



3.3.

3.2.

3.3.

3.4.

FExercises 37

Consider the second-order system
Z(t) = Aoz (t) + Bou(t), (3.21)

where z and wu are vector-valued functions taking values in K" and K™,
respectively. In this exercise we write this as a state space model, and we
investigate the controllability of this model in terms of Ay and By.

(a) Use the state vector z(t) = [ig” to formulate (3.21) as the state

differential equation @(t) = Ax(t) + Bu(t).

(b) Prove that the state differential equation found in the previous part is
controllable if and only if R(Ag, By) has rank n.

We study a variation of Example 3.1.7, see Figure 3.3. Again we consider a
cart on a container bridge, but now we attach two pendulums to the cart,
see Figure 3.3. /1 > 0 and ¢ > 0 are the lengths of the pendulums, and we
assume that the mass of both pendulums are the same. As in Example 3.1.7

K) /\ J

4

Figure 3.3: Cart with two pendulums

the cart is driven by a motor which at time ¢ exerts a force u(t) taken as
control. Neglecting friction and assuming that the angles 61 and 65 are small,
we obtain the following linear system of differential equations

M35 =u+ mg(6y + 0),

) m _mg, i
G = (1 M) 961 M 0 Mu’
) — _ m _mg, i
{504 (1 + ) 902 01 U.

Use Exercise 3.2 to show that the system is controllable if and only if £1 # 5.

We continue with the system discussed in Exercise 3.3.
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(a) Assume that ¢; = ¢5. Find the Kalman controllability decomposition of
the system, see Theorem 3.2.4.

(b) Assume that ¢1 # ¢5. Write the state space representation of the system
in normal form, see Theorem 3.2.3.
3.4 Notes and references

The results of this chapter can be found for example in [50] and [32]. The charac-
terization of Exercise 3.1.b is known as the Hautus test, see [22].



Chapter 4

Stabilizability of
Finite-Dimensional Systems

This chapter is devoted to the stability and stabilizability of state differential
equations. Roughly speaking, a system is stable if all solutions converge to zero,
and a system is stabilizable if one can find a suitable control function such that
the corresponding solution tends to zero. Thus stabilizability is a weaker notion
than controllability.

4.1 Stability and stabilizability

We begin by defining stability for the homogeneous state space equation and
consider the system

x(t) = Az(t), x(0) = =, t > 0. (4.1)

Here A is an n X n-matrix and zq is an n-dimensional vector. As in the previous
chapters we denote by K either R or C.

Definition 4.1.1. Let A € K"*™. The differential equation (4.1) is called exponen-
tially stable, if for every initial condition 2o € K™ the solution of (4.1) satisfies
tlgrolo x(t) = 0.

In Chapter 2 we have shown that the unique solution of (4.1) is given by
x(t) = eAxo, t > 0. Using the Jordan normal form for square matrices, the
exponential of A can be calculated as et = VeMV =1 where V is an invertible
matrix whose columns consist of the generalized eigenvectors of the matrix A,
and A is a matrix which has non-zero entries only on the diagonal and on the
superdiagonal. Moreover, the diagonal elements of the matrix A are equal to the

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 39
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eigenvalues of A. Thus the differential equation (4.1) is exponentially stable if
and only if all eigenvalues of the matrix A lie in the open left half-plane of C. A
matrix with the property that all its eigenvalues lie in the left half-plane is called
a Hurwitz matriz. In the following we denote by o(A) the set of all eigenvalues of
the matrix A.

From the representation of the exponential of a matrix, the following result
follows immediately.

Lemma 4.1.2. The differential equation (4.1) is exponentially stable if and only if
there exist constants M >1 and w > 0 such that

leAtzo| < Me™“t|zo], t>0,z9 € K"

Thus, if all solutions of (4.1) converge to zero for t — oo, then all solutions
converge uniformly and exponentially to zero. This motivates the notion “expo-
nentially stable”.

If the matrix A possesses eigenvalues with non-negative real part, then there
are solutions of equation (4.1) which do not tend to zero. It is thus desirable to
stabilize the system, that is, we study again a system with an input

x(t) = Ax(t) + Bu(t), x(0) = xo, t >0, (4.2)

and we try to find a suitable input function u such that the corresponding solution
x converges to zero for t — oo.

Definition 4.1.3. Let A € K"*" and B € K"*™. We call the system (A, B)
stabilizable, if for every zo € K™ there exists a function u € L ((0,00); K™) such

that the unique solution of (4.2) converges to zero for ¢t — oco.

Clearly, controllable systems X(A, B) are stabilizable. We only have to steer
the state to zero in some time t; and to choose the input u to be zero on the
interval [t1,00), see Exercise 4.1.

4.2 The pole placement problem

It is the aim of the following two sections to characterize stabilizability and to
show that the stabilizing control function u can be obtained via a feedback law
u(t) = Fa(t). In order to show the existence of such a feedback, we first have to
study the more general problem of pole placement:

Pole placement problem. Given A € K*"*" B € K"*™ and complex numbers
Al,..., A the question is whether there exists a matrix F' € K™*" such that
A1, ..., Ay are the eigenvalues of the matrix A+ BF'.

If the pole placement problem is solvable, then we can move the eigenvalues
of closed loop system

x(t) = Ax(t) + Bu(t), u(t) = Fa(t), t >0, (4.3)
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to arbitrary points in C. Note that equations (4.3) are equivalent to
i(t) = (A+ BF)x(t) t>0.

So far all results hold for real- and complex-valued matrices. However, the situation
is different for the pole placement problem. For example, the points A, ..., A, are
always allowed to be complex. To simplify the exposition we formulate results
for the complex situation only. In the real situation the results hold with obvious
modifications.

The following theorem shows that the system (A, B) is controllable if the
pole placement problem is solvable.

Theorem 4.2.1. Let A € C"*™ and B € C"*™. Then 1. implies 2., and 2. implies
3., where

1. The pole placement problem is solvable.

2. There exists an F € C™*™ such that the eigenvalues of A + BF are all
different from the eigenvalues of A, i.e., c(A+ BF)No(A) = 0.

3. The system %(A, B) is controllable.

We note that the three statements of Theorem 4.2.1 are equivalent, see Corol-
lary 4.2.6.

Proof. Clearly 1. implies 2. Thus we concentrate on the implication from 2. to 3.
If ¥X(A, B) is not controllable, then rk R(A, B) =: r < n. By Theorem 3.2.4
there exists an invertible T" such that

e (8 4]

with suitable matrices A; € C™*", Ay € C™*(=7) A, € C(n=")*(n=7) and B, €
Cm*™_ If we write an arbitrary matrix F' € C™*" in the form F = [F1 Fg] T-1
with Fy € C™*", we obtain

A+ BF =T [z‘h + DB F Ay + BlF2:| 71

0 Ay

As the eigenvalue of A, are fixed, the intersection of the eigenvalues of A+ BF and
A always contains the eigenvalues of A4. Thus for every F this intersection is non
empty, which contradicts the assertion in 2. Concluding, (A, B) is controllable.

O

In the following we show, that controllability is actually equivalent to the
solvability of the pole placement problem.

Theorem 4.2.2. Let A € C"*", b e C" and Ay,..., A\, € C. If the system X(A,b)
is controllable, then there exists a matriz f € C**™ such that the matriz A + bf
has the eigenvalues A1, ..., An, counted with multiplicities.
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Proof. By Theorem 3.2.3 there exists an invertible matrix 7" € C™*" such that

0 r 0 - 0
0
A 0
b:=Tb= , A=TAT ' =| . (4.4)
0 : 0
1 0 0 1
7(1,0 7(1,1 ... CEEEEY 7(1’77471

and

n—1
det(sI — A) = Zajsj + s™.
3=0

We define the polynomial p by
n—1 )
H(sf/\j):s”Jerjs], (4.5)
j=0

and the matrices f, f € CX" by

f:: [ao — Do, .- SQGp_1 fpn,ﬂ and f = fT. (4.6)
Thus A+bf = T’l(fl + Bf)T, which implies that the set of eigenvalues of A+ bf

equals the set of eigenvalues of A+bf, counted with multiplicities. Moreover, from
(4.4) and (4.6) we obtain that

0 1 0 0

o

A+bf = - .
0 0o 1
—Po —PpPr - 0 TPn-1

Thus the characteristic polynomial of A+b f equals p. By (4.5) we conclude that
A+b f and thus A+ bf has exactly the eigenvalues A1, ..., A, again counted with
multiplicities. O

Proposition 4.2.3. Let A € C"*" and B € C"*™ be such that (A, B) is con-
trollable and let b € C"\{0}. Then there exists a matriz F € C™*"™ such that the
system (A + BF,b) is controllable.

Proof. We define r := rk R(A,b) < n. If r = n, then the system X(A, b) is control-
lable and thus we can choose F' = 0. Let r < n. By Theorem 3.2.4, we can assume
without loss of generality that

an=([5 2 [6])
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with suitable matrices A; € C™*", Ay € C"*(n=1) A, € Cln—)x(n=7) p, e C,
and (A1, b1) is controllable. Since (A1, b1) is controllable, the square matrix

(b1, A1by, - 7A71”71b1]

has rank r. Thus by the Theorem of Cayley-Hamilton

b Ay AT b Ay - AR
r=rk 0 0 ... 0 =1k 0 0 ... 0 =1k R(A,D).
(4.7)
This implies that the vectors v; := A*~1'b, i = 1,...,r, are linearly independent
and

span{vi,...,v.} =ran R(A,Db).

As the system X(A, B) is controllable, we have rk R(A, B) = n. Next we want
to show that there exists a vector b € ran B\ran R(A,b). We assume that this
does not hold, that is, we assume that ran B C ran R(A, ). Then the Theorem of
Cayley-Hamilton implies ran R(A, B) C ran R(A,b), which is in contradiction to
rk R(A,b) =r <n=rkR(A, B).

Let b € ran B\ran R(A,b) and v € C™ with Bu = b. We define v,,; =
Av, +b. Since by (4.7) Av, € ran R(A,b) = span {v1,...,v,}, this choice for v,
implies that the vectors v1,...,v,41 are linearly independent. We choose a matrix
F € C™*"™ with the property

Fvi{o, i=1,...,r—1,

and we define
F, == A+ BF.

Then we have .
Fimth =, i=1,...,r+1,

and thus rk R(Fy,b) > r + 1. If rk R(F1,b) = n, then the statement of the propo-
sition follows. If rk R(F1,b) < n, then we first show that 3X(Fy, B) is controllable.
By Theorem 3.1.6 it is sufficient to prove that X(F}, B) is reachable. Let 27 € C™
be arbitrarily. Since ¥(A, B) is reachable, there is some t; > 0 and an input
u € L'((0,¢1); C™) such that the mild solution of &(t) = Axz(t) + Bu(t), x(0) = 0,
satisfies z(t1) = x1. Now we choose v = v — F'z as input for the system X(Fy, B)
and the mild solution of @(t) = Fixz(t) + Bu(t), z(0) = 0, satisfies z(t;) = 1,
which shows that X(Fy, B) is reachable. As X(Fi, B) is controllable as well, we
can apply the above procedure to the system 3(Fy, ), until the rank of the matrix
R(F},b) equals n. O

Next we are in the position to show that controllability implies the solvability
of the pole placement problem.
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Theorem 4.2.4. Let A € C"*" and B € C"*"™ be such that the system (A, B)
is controllable and let \1,...,\, € C. Then there exists a matriz I € C™*"
such that the matrix A+ BF has exactly the eigenvalues A1, ..., n, counted with
multiplicities.

Proof. We choose a vector b = Bu € ran B\{0}. By Proposition 4.2.3 there exists
a matrix F' € C™*" such that the system X(A + BF,b) is controllable. Finally,
by Theorem 4.2.2 there exists a vector f such that the matrix A + BF + bf has
exactly the eigenvalues A1, ..., \,, counted with multiplicities. Thus, by the choice
of F:= F+ uf the statement of the theorem is proved. O

As a consequence of the theorem, we obtain that for every controllable system
Y (A, B) there exists a matrix F' € R™*" such that A+ BF is a Hurwitz matrix.

Corollary 4.2.5. Let A € C"*"™ and B € C™*™. If the system %(A, B) is con-
trollable, then there exists a matric F' € R™*" such that A+ BF is a Hurwitz
matrix.

Moreover, we have shown the equivalence of the pole placement problem and
controllability.

Corollary 4.2.6. Let A € C"*™ and B € C"*™. Then the following statements are
equivalent:

1. The pole placement problem is solvable.

2. There exists an F € C™*™ such that the eigenvalues of A + BF are all
different from the eigenvalues of A, i.e., o(A+ BF)Nao(A) = 0.

3. The system %(A, B) is controllable.

If we want to place the poles arbitrarily, then we need controllability. How-
ever, if one only wants to stabilize the system, then a weaker condition suffices as
shown in the following section.

4.3 Characterization of stabilizability

In Definition 4.1.3 we have defined stabilizability as an open loop notion, i.e., there
exists an input such that the corresponding state converges to zero. In this section
we show that if it is possible to stabilize the system via a well-chosen input, then
it is also possible via state feedback, i.e., via an input of the form u(t) = Fx(t).
The following theorem formulates this assertion.

Theorem 4.3.1. Let A € C"*™ and B € C"*™. Then the following statements are
equivalent:

1. The system 3(A, B) is stabilizable.

2. There exists a matriz F € C™*™ such that A+ BF is a Hurwitz matriz.
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3. For every eigenvector v of A* which belongs to an eigenvalue X € C with
Re A > 0 we have: v*B # 0.

Proof. Clearly, part 2. implies part 1.

Next we show that part 1. implies part 3. In order to prove this implication we
assume that the system (A, B) is stabilizable and that there exists an eigenvector
v of A* which belongs to an eigenvalue A € C with Re A > 0 such that v*B = 0.
It then follows that

v*A"B = ((A")*v)*B = \"v*B =0, néeN,

and thus
v'eB=0, t>0. (4.8)

As the system (A, B) is stabilizable, there exists a function u € L .((0, 00); C™)
such that the function

t
x(t) := e +/ e =) Bu(s)ds, t >0, (4.9)
0

converges to zero for t — oo. Multiplying equation (4.9) from the left by v* we
obtain

t , }
via(t) = vetty + / v e Bu(s) ds = v*eMo+0 = eM|v]|?, t>0.
0

The left-hand side converges to zero for ¢ — oo, whereas the right-hand side does
not converge to zero. This leads to a contradiction. Thus part 1. implies part 3.

It remains to show that part 3. implies part 2. If the system X (A, B) is
controllable, then the statement follows from Corollary 4.2.5. If the system X(A, B)
is not controllable, then rk R(A, B) =: r < n. By Theorem 3.2.4 there exists an
invertible square matrix 7" such that

(A,B) = (T'AT,T7'B) = (T—l [f(l)l iﬂ T,7! BID , (4.10)

where Ay is a (n — r) X (n — r)-matrix and the system 3(A;, By) is controllable.
Next we show that all eigenvalues of A4 lie in the open left half plane. Let « be
an eigenvalue of A} and let v9 be a corresponding eigenvector. Using (4.10) it is
easy to see that v := T* [192] € C" is an eigenvector of A* with respect to the
eigenvalue a.. This implies that

v B = L?ITTl Fﬂ =[0 3] [ﬁﬂ = 0.

By assumption this can only happen if Re« < 0. This shows that A4 is a Hurwitz
matrix. As the system 3(Aj, By) is controllable, by Corollary 4.2.5 there exists
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a matrix F; € C™*" such that A; + By F) is a Hurwitz matrix. Choosing the
feedback F' := [Fl 0] T, we obtain that

A A . [B L [A+ B A
_ 1 [A1 2 1 |D1 _ 1[4 1£1 2
A+BF =T {0 AJT—&-T LJ[FI 0jT=T { 0 AJT.

Since [AlJrlel ﬁj] is a Hurwitz matrix, the matrix A + BF' is Hurwitz as well.

Thus part 3. implies part 2. O

Summarizing, we have shown that a stabilizable system can be stabilized
by state feedback. However, we still lack a simple condition which characterizes
stabilizability. This will be given next, for which we need the following concept.

Definition 4.3.2. Let A € K"*". We call a subspace Z C K" A-invariant, if
AZ C Z.

Theorem 4.3.3. Let A € C"*™ and B € C"*™. Then the following statements are
equivalent:

1. The system %(A, B) is stabilizable.

2. There exist two A-invariant subspaces Xs and X, of C™ such that
a) C"=X,0X,.
b) The system X(A, B) is similar to

(v B

c) The matriz A, is a Hurwitz matriz.
d) The system 3(Ay, By,) is controllable.

Proof. We first prove the implication 2. = 1. Clearly, the system X (A, Bs) is sta-
bilizable by a matrix F' = 0, and the system X(A,,, B,,) is stabilizable by Corollary
4.2.5. Thus it is easy to see that the system X (A, B) is stabilizable.

Next we assume that (A, B) is stabilizable. We now define X by the span
of all generalized eigenspaces corresponding to eigenvalues of A with negative real
part and X, by the span of all generalized eigenspaces corresponding to eigenvalues
of A with non-negative real part. Thus, X, and X, are A-invariant, X;NX, = {0}
and X @ X, = C". If we choose our basis of C" accordingly, it is easy to see that
the system (A, B) is similar to a system of the form

(I 2] [5))

By definition of the space X, the matrix Ay is a Hurwitz matrix.

It remains to show that ¥(A,, B,) is controllable. We know that the system
Y(Ay, By) is stabilizable and that all eigenvalues of A, lie in the closed right half
plane. Thus by Corollary 4.2.6 the system X(A,, B,,) is controllable. O
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4.4 Stabilization of port-Hamiltonian systems

In this section we return to the class of (finite-dimensional) port-Hamiltonian
systems as introduced in Section 2.3. We show that port-Hamiltonian systems are
stabilizable if and only if they are controllable. Furthermore, if such a system is
stabilizable, then the system is stabilizable by (static) output feedback, i.e., by
choosing the input v = —ky, with & > 0.

We consider the port-Hamiltonian system from Section 2.3 which is given by

&(t) = JHxz(t) + Bu(t), (4.11)
y(t) = B*Ha(t), (4.12)
where J is skew-adjoint, i.e., J* = —J and H is a positive-definite matrix.

Theorem 4.4.1. The system (4.11)—~(4.12) is stabilizable if and only if it is control-
lable. Furthermore, it is controllable if and only if it is stabilizable by applying the
feedback u(t) = —ky(t) = —kB*Hx(t) with k > 0.

Proof. We define a new norm || - || iz on C™ by
2 1 *
|23 == 2% He, (4.13)

which is equivalent to the Euclidean norm, and along solutions we have

dllz(t) |17

i Re (u(t)*y(t)) . (4.14)

For v = 0 and for any initial condition 2(0), this implies
()l = lz(0)] & (4.15)

Thus all eigenvalues of the matrix JH lie on the imaginary axis. By Theorem 4.3.3
we conclude that the system is stabilizable if and only if it controllable. It remains
to construct a stabilizing controller.

So we assume that the system is controllable, and as a candidate for a stabi-
lizing controller we choose u(t) = —ky(t) = —kB*Hx(t) with k > 0. Using (4.14),

we have )
dl|=(t) |5
dt
Applying the feedback u(t) = —kB*Ha(t), we obtain the state equation

= —klly(t)[I*. (4.16)

i(t) = (JH — kBB*H) x(t). (4.17)

Equation (4.16) shows that for every initial condition the function t — ||z(¢)||%
is non-increasing, and this implies that all eigenvalues of JH — kBB*H lie in the
closed left half-plane. Hence we can conclude stability if there are no eigenvalues
on the imaginary axis.



48 Chapter 4. Stabilizability of Finite-Dimensional Systems

Let A € iR be a purely imaginary eigenvalue of JH—kBB*H with eigenvector
veCn ie,
(JH —kBB*H)v = \v. (4.18)

Multiplying this equation from the left by v*H gives
V*HIHY — kv*HBB*Hv = Av* Ho. (4.19)

Multiplying the Hermitian conjugate of equation (4.18) from the right by Hv, and
using the fact that H is self-adjoint and J is skew-adjoint, we obtain

—v*HJHY — kv*HBB*Hv = —\v*Huo.

Adding this equation to equation (4.18), we find that kv*HBB*Hv = 0. Since
k > 0, this is equivalent to
B*Hv = 0. (4.20)

Equation (4.18) now implies that
JHv = M.

Taking the Hermitian conjugate, we find

A0 = -\ =v"H T = —v"HJ. (4.21)
Combining (4.20) and (4.21), we see that

V'HIHB = —XN"v"HB = AWw*HB = 0.
Similarly, we find for k € N,
v'H (JH)" B =0, (4.22)
which implies
VHR(JH, B) = v*H (B, JHB, ..., (JH)"" B) —0.

As the system X (JH, B) is controllable, we obtain v*H = 0, or equivalently, v = 0.
This is in contradiction to the fact that v is an eigenvector.

Summarizing, if the system is controllable, then the closed loop system matrix
JH — kBB*H has no eigenvalues in the closed right half-plane, and so we have
stabilized the system. O

4.5 Exercises

4.1. Assume that the system (A, B) is controllable. Show that (A, B) is also
stabilizable by steering the state to zero in some time ¢; and choosing the
input u to be zero on the interval [t1, 00).
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4.2. Show that the system X(A, B) is stabilizable if and only if
tk [sI-A B]=n

for all s € C with Res > 0.

4.3. In this exercise we study the system

-2 0 3 1
zt)=10 =1 0 |z@)+ 0] u(t).
3 0 -2 1
-~
=:A =:B

(a) Show that the system (A, B) is not controllable.
(b) Show that the system X(A, B) is stabilizable.
(¢) Find a stabilizing feedback control for this system.

4.4. Consider the following matrix

0 1 6 1
1 0 1 7
A=| . o o (4.23)

(a) Find a skew-adjoint J and a positive-definite matrix H such that A =
JH.
Hint: Assume J* = J~! and calculate A*A.

(b) Now we chooseb=[1 0 0 0 ]T. Show that (A, b) is controllable.

(c) Design a stabilizing controller.

4.6 Notes and references

Since stabilizability is one of the important problem within systems theory, its
solution can be found in any book on finite-dimensional systems theory. We re-
fer to our standard references [50] and [32]. The characterization of stabilizability
for port-Hamiltonian systems can be found in [55]. The characterization of stabi-
lizability of Exercise 4.2 is known as the Hautus test for stabilizability, see also
Exercise 3.1.b.



Chapter 5

Strongly Continuous
Semigroups

In Chapter 2 we showed that the examples of Chapter 1, which were described by
ordinary differential equations, can be written as a first-order differential equation

#(t) = Az(t) + Bu(t),  y(t) = Cz(t) = Du(t), (5.1)

where z(t) is a vector in R™ or C". In Chapters 5 and 6 we show how systems de-
scribed by partial differential equations can be written in the same form by using
an infinite-dimensional state space. The formulation of the inputs and outputs is
postponed till Chapter 10. Note that for partial differential equations the question
of existence and uniqueness of solutions is more difficult than for ordinary differen-
tial equations. Thus we focus first on homogeneous partial differential equations.
We begin by introducing the solution operator, and only in Section 5.3 do we show
how to rewrite a p.d.e. as an abstract differential equation @(t) = Ax(¢).

5.1 Strongly continuous semigroups

We start with a simple example.

Example 5.1.1. Consider a metal bar of length 1 that is insulated at the boundary:

. 2,
9= 2(,0) = x(Q),

ot ac 52)
92 0. =0=2%a,p

L0, =0 = S2(L.0),

x(¢,t) represents the temperature at position ¢ € [0,1] at time ¢ > 0 and zg
represents the initial temperature profile. The two boundary conditions state that

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 51
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there is no heat flow at the boundary, see Example 1.1.5, and thus the bar is
insulated.

In order to calculate the solution of (5.2) we try to find a solution of the
form z(¢,t) = f(t)g(¢). Substituting this equation in (5.2) and using the boundary
conditions we obtain

F(£)9(¢) = ane ™™t cos(nm(), (5.3)

where «,, € R or C, and n € N. This solution satisfies the p.d.e. and the boundary
conditions, but most likely not the initial condition. By the linearity of the p.d.e.
(5.2) it is easy to see that

N
N(( ) = Z Qe Tt cos(nm() (5.4)
n=0
satisfies the p.d.e. and the boundary conditions as well. The corresponding initial
condition xzn((,0) = Zg:o ap, cos(nm() is a Fourier polynomial. Note that every
function ¢ in L?(0, 1) can be represented by its Fourier series, i.e.,

q(-) = Z ay, cos(nr-), (5.5)
with equality/convergence in L?(0, 1), fo ¢)d¢ and

1
an:Q/ q(¢) cos(nm() d¢, n=12....
0

If zp € L?(0,1), then we can define a,,n € NU {0} as the corresponding Fourier

coefficients and
o0

= Z Qe T cos(nm(). (5.6)

Since for ¢ > 0 we have e ™™ ™ < 1, the function z(-,t) is an element of L2(0,1).
By construction, the initial condition is satisfied as well. However, as interchanging
differentiation and (infinite) summation is not always allowed, it is unclear if this
function satisfies the p.d.e. (5.2). Nevertheless the mapping xg — (-, t) defines an
operator, which would assign to an initial condition its corresponding solution at
time ¢, provided x is the solution.

This example motivates the necessity for generalizing the concept of “eAt”
on abstract spaces and the necessity for clarifying the concept of “solution” of
differential equations on abstract spaces. The answer is, of course, the well-known
semigroup theory that we develop here for the special case of strongly continuous
semigroups on a Hilbert space.

We denote by X a real or complex (separable) Hilbert space, with inner
product (-,-}x and norm || - ||x = \/(,-)x. By £(X) we denote the class of linear
bounded operators from X to X.
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Definition 5.1.2. Let X be a Hilbert space. (T'(t)),~ is called a strongly continuous
semigroup (or short Co-semigroup) if the following holds:

1. For all ¢t > 0, T'(t) is a bounded linear operator on X, i.e., T'(t) € L(X);
2. T(0) =TI
3. T{t+7)=T@)T(r) for all t,7 > 0;

4. For all zyp € X, we have that ||T'(t)zo — xo||x converges to zero, when ¢ | 0,
i.e., t — T(t) is strongly continuous at zero.

We call X the state space, and its elements states. The easiest example of a
strongly continuous semigroup is the exponential of a matrix. That is, let A be an
n X n matrix, the matrix-valued function T'(t) = e?? defines a Cyp-semigroup on
the Hilbert space R™, see Exercise 5.1. Another example is presented next.

Example 5.1.3. Let {¢,, n > 1} be an orthonormal basis of the separable Hilbert
space X, and let {\,,, n > 1} be a sequence of complex numbers. Then

T(t)x = Z e)\nt<xa ¢n>¢n (57)

n=1

Re Apt

is a bounded, linear operator if and only if {e ,n > 1} is a bounded sequence

in R, and this is the case for ¢ > 0 if and only if

sup Re A\, < oc.
n>1

Under this assumption, we have
1T < e (5-8)
with w = sup,,~; Re A,. Furthermore,

T(t+s)w =Y Tz 6,),

n=1

T(O)T(s)z =Y (T (s)x, dn)pn = »_ e <Z N G (2, Bm), ¢n> o

n=1 m=1

3
Il
—

erterns (x b Vo = T(t + ).

M

3
Il
—
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Clearly, T'(0) = I, and the strong continuity follows from the following calculation:
For t <1 we have

IT () — =] = Zle“ 1@, én)|?

N 00
Z R R L e S S I [
n=1 n=N+1

< sup et 1) ZI L én)? + K Z (@, 6n)?

1<n<N ne=N+1

for K = supg<i<y n>1|e" — 1|2, For any € > 0 there exists an N € N such that

o0

3 Il < =

n=N+1

and we can choose ty < 1 such that sup |e*fo —1]2
1<n<N

Py Qui‘lz [07 tO]

we have

N
13
Ttz -zl < =— 2L K= <
1T (t)z — = _2HI”2n§:1|<x,¢n>l tEoz<e

which shows that (T'(t)):>0 is strongly continuous. Thus (5.7) defines a Cp-semi-
group if and only if supRe \,, < oo.
n>1
We show that Example 5.1.1 is a special case of the previous example.

Example 5.1.4 (Example 5.1.1 continued). We begin with the remark that in Ex-
ample 5.1.3 the enumeration started at n = 1, but that this is unimportant. We
might as well as have started at n = 0.

We define the functions ¢o(¢) = 1,$,(¢) = v2cos(nm¢). Tt is well-known
that {1,v/2cos(n7),n > 1} is an orthonormal basis of L2(0,1). Hence every z( €

L?(0,1) can be written as
o0

Zo = Z<x03 ¢n>¢n

n=0

Further, the sequence {a,} of Example 5.1.1 satisfies ag = fol x0(€)d¢ = (g, ¢o)
and

1
ap = 2/ 20(¢) cos(nm¢) d¢ = vV2(xo, ), n > 1.
0

Thus (5.6) can be written as

=" e ™ g, du) b ().

n=0
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A comparison with (5.7) shows that the mapping xg — (-, t) given at the end of
Example 5.1.1 defines a strongly continuous semigroup.

As mentioned before, any exponential of a matrix defines a strongly contin-
uous semigroup. It turns out that semigroups share many properties with these
exponentials.

Theorem 5.1.5. A strongly continuous semigroup (T'(t)),~, on the Hilbert space X
has the following properties: -

1. |T(t)| is bounded on every finite sub-interval of [0,00);
2. The mapping t — T(t) is strongly continuous on the interval [0, 00);
3. For all x € X we have that %fot T(s)xds — x ast | 0;
(L — i (L .
4. If wo = f(5log [T()]), then wo = lim (5 log||T'(1)]]) < oo;

5. For every w > wy, there exists a constant M, such that for every t > 0 we
have || T(t)|| < Me“t.

The constant wq is called the growth bound of the semigroup.

Proof. 1. First we show that ||T'(¢)| is bounded on some neighborhood of the
origin, that is, there exist § > 0 and M > 1 depending on § such that

IT@)| <M fortel0,6].

If this does not hold, then there exists a sequence {t,}, t,, | 0 such that ||T'(¢,)|| >
n. Hence, by the uniform boundedness principle, there exists an element = €
X such that {||T'(t,)z|,n € N} is unbounded; but this contradicts the strong
continuity at the origin. If we set t = md + 7 with 0 < 7 < §, then

IT@I| = ITmd)T(x)]| = |T(6)"T(7)]
< [T 7@ < M™™ < MMY® = Me, (5.9)

where w = §~!log M.
2. For fixed € X, t > 0 and s > 0, using inequality (5.9) we have

1Tt + s)x —T(t)z| < [TONT(s)z — || < Me*!|T(s)x — .
Hence by the strong continuity of T'(-) we may conclude that

lim |7(¢ + )z — T(t)a| = 0.

Moreover, for x € X, t > 0 and 7 > 0 sufficiently small, we have

1Tt —7)a =Tzl < T =7)|l|z = T(r)z.



56 Chapter 5. Strongly Continuous Semigroups

Thus li%lHT(t + s)x — T(t)z|| = 0, and the mapping ¢t — T'(¢)x is continuous on
the interval [0, c0).

3. Let z € X and € > 0. By the strong continuity of (7'(t)),-, we can choose 7 > 0
such that ||T'(s)x — x| <& for all s € [0, 7]. For ¢ € [0, 7] we have that

I I
17 [ Tewds ol =I5 [ (2(s)0alas]
0 0
I I
—/ IT(s)x — z||ds < —/ eds =e.
t Jo t Jo

4. Let to > 0 be a fixed number and M = sup ||T(t)]]. For every t > to there
t€[0,to]
exists n € N such that ntg <t < (n+ 1)tg. Consequently,

log [T(#)|| _ log||T (nto)T'(t — nto)|| _ log||T"(to)T'(t — nio)|l

t t t
nlog||T(to)|| , log M
+
t t
log || T (to)|| nto = log M
- . — + _
to t t

IN

The latter term is less than or equal to 22 sz(to)\l + 22 if log || T'(to)|| is positive,

and it is less than or equal to W Lto 4 @ if log || T'(to)|| is negative. Thus

log ||T'(t log || T'(t
A Gl A Ch T

t—o0 - tO

and since t( is arbitrary, we have that

t—00 t t>0 t T t—oo t )
Thus
log [|T°(¢ log || T°(t
o — ot PBITEO _ s IT@I
t>0 t t— o0

5. If w > wop, then there exists a g > 0 such that

log [T ()|

; <w for t > to;

that is, || T(t)|| < e¥! for t > tg. Moreover, there exists a constant My > 1 such
that | T(t)]] < My for 0 <t < tg. Defining

Mw _ MO w > O7
€7wt0M() w <0,

we obtain the stated result. O
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5.2 Infinitesimal generators

If A is an n X n-matrix, then the semigroup (eAt)t>O is directly linked to A via

d a
= (@)

Next we associate in a similar way an operator A to a Cy-semigroup (T'(t)):>0.

t=0

Definition 5.2.1. Let (T'(t)),~, be a Co-semigroup on the Hilbert space X. If the
following limit exists -
. T(t)aio — X
lim ———

5.10
10 t ’ ( )

then we say that x( is an element of the domain of A, shortly xg € D(A), and we
define Az as
T(t)xo —
Axg = lim 7( %o xo'

11
t10 t (5 )

We call A the infinitesimal generator of the strongly continuous semigroup
(T()¢>0-

We prove next that for every xg € D(A) the function t — T'(t)x¢ is differen-
tiable. This will enable us to link a strongly continuous semigroup (uniquely) to
an abstract differential equation.

Theorem 5.2.2. Let (T'(t)),~, be a strongly continuous semigroup on a Hilbert
space X with infinitesimal generator A. Then the following results hold:

1. For xzg € D(A) and t > 0 we have T(t)xg € D(A);

2. %(T(t)xo) = AT(t)J}O = T(t)Axo fof,« xo € D(A), t> O,'

d’n
. 2 (T(t)2o) = AT (t)xg = T(H) A" for @ € D(A™), ¢ > 0;

4. T(t)wg — wo = fo s)Axods for zg € D(A);
5. fo T(s)zds € D(A) and Afo s)xds = T(t)x — x for all x € X, and D(A)

is dense in X ;

6. A is a closed linear operator.

Proof. 1,2, 3. First we prove part 1 and part 2. Let s > 0 and consider

Lt oo T _ ) L) Do _ LW~ Ly,

S S S

If 29 € D(A), the limit of the second term exists as s | 0, and hence the other
limits exist as well. In particular, T'(¢t)xg € D(A) and the strong right derivative
of T'(t)xg equals AT (t)xg = T(t)Axy.
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For t > 0 and s > 0 sufficiently small, we have

T(t—s)xg —T(t)xo (- ) (T'(s) — I)a:O.

Hence the strong left derivative exists and equals T'(t)Axzg. Part 3 follows by

induction.
4. Let zp € D(A). By part 2 we have that the derivative of T'(t)xo equals T'(t) Axo.

Thus . .
ar
/ T(s)Axods = / Mds =T(t)xo — xo,
0 0 ds

which proves the assertion.

5. For every x € X we have

Tls) -1 /OtT(u)xdu = %/OtT(s + u)zdu — %/{:T(u)xdu.

Substituting p = s + u in the second integral, we obtain

T(s)—1 /OtT(u)xdu - é /:+ST(p)xdp - %/{:T(u)xdu

(/:Jrs T (p)xdp + /: T(p)xdp — /: T(u)zdu — /Os T(u)xdu)

1
_ % </OS(T(t tu)— T(u))xdu)

_! /O ") (T () - Dadu.

S

S

Now, as s | 0, the right-hand side tends to (T'(t) — I)xz (see Theorem 5.1.5.3).
Hence

/ P(wyrdu € D(A) and A / P(uedu = (T(1) — D
0 0

Furthermore, by Theorem 5.1.5.3 we have %fot T(u)xdu — x as t | 0. Hence for
any x € X, there exists a sequence {x,} in D(A) such that x, — x. This shows
that D(A) = X.

6. In order to prove that A is closed, we choose {x,}nen as a sequence in D(A)
converging to x such that {Az,} converges to y. Then ||T(s)Ax, — T(s)y|| <
Me“®||Az,, — y|| and thus T'(s)Az, — T(s)y uniformly on [0,¢]. Now, as x, €
D(A), we have

¢
Tt)xy —xn = / T(s)Ax,ds.
0

Thus we obtain

Tt)x —x = / T(s)yds,

0
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and therefore

T(t)r — I
lim TMz—w =lim- [ T(s)yds=y.
t10 t tl0 ¢ Jo
Hence z € D(A) and Az =y, which proves that A is closed. O

Theorem 5.2.2 implies in particular that for every z¢p € D(A) the function x
defined by x(t) = T'(t)x( satisfies the abstract differential equation &(t) = Axz(t).

Definition 5.2.1 implies that every strongly continuous semigroup has a
unique generator. It is not hard to show that every generator belongs to a unique
semigroup.

Theorem 5.2.3. Let (T1(t))i>0 and (Tx(t))i>0 be Co-semigroups with generators
Ay and Ay, respectively. If Ay = Ag, then Ti(t) = Ta(t) for every t > 0.

Proof. Let g € D(A;1) = D(A3) and consider for a fixed ¢t > 0 the continuous
function f(s) = Ti(t — s)Tz(s)xo, for s € [0,¢]. By Theorem 5.2.2 we have that
To(s)xg € D(A1). Thus we may differentiate f with respect to s € (0,t). Using
Theorem 5.2.2.2; we find

df (s)
ds

= —Tl(t — S)AlTQ(S).’EO + T(t — S)AQTQ(S).’EO =0,
since A1 = Asy. Thus the continuous function f is constant on [0, ¢], which implies

Tl(t)aio = f(O) = f(t) = Tg(t).’lﬁo.

This shows that the semigroups are equal on the dense set D(A;). The bounded-
ness of the operators implies that they are equal for all g € X. O

The infinitesimal generator of a Cp-semigroup is always a closed operator.
The following proposition shows that every s whose real part is larger than the
growth bound lies in the resolvent set of this generator. In particular, this implies
that the resolvent set, denoted by p(A), is non-empty. If sI — A is invertible, then
its inverse, (sI — A)~!, is called the resolvent operator. The following proposition
also shows that the resolvent is just the Laplace transform of the semigroup.

Proposition 5.2.4. Let (T(t))tzo be a Cy-semigroup with infinitesimal generator
A and with growth bound wo, w > wo and | T(t)|| < Me“". If Re(s) > w, then
s € p(A), and for all x € X the following results hold:

M

Lo (sl — Atz = [T e T (t)xdt and ||(s] — A)7| < —_ia= Re(s);
—w
2. For A\, pu € p(A) we have the resolvent identity
A=) =)l =A) =l =) =M =4 (5.12)

3. The mapping s — (sI — A)~! is analytic on p(A).
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Proof. 1. Let
Rsx = /e*StT(t)xdt, z € X, Re(s) > w. (5.13)
0

This operator is well defined, since by Theorem 5.1.5
e ' T (t)z|| < Me“=||z]], where o = Re(s)

and T'(-)x is a continuous function. Combining this estimate with (5.13) we find

[ Bl < M/ e (T |z dt = [, (5.14)
0

o — W

and therefore R, is bounded. It remains to show that R, equals the resolvent
operator. For z € X the following equalities hold:

T(r)—1 1 [
LR@ == / e ST (T +t) - T(t)]xdt
T T Jo
1 o0 oo
=- (/ e W (w)x du —/ e ST () dt)
T T 0
1 9] T o
=- (e”/ e~ (u)x du — e”/ e T (u)x du —/ e“”T(t)xdt)
T 0 0 0

(e

ST _ 1 oo et esT T et
= e "T(t)edt — — [ e 5T (t)x dt.
0 0

T T

Since (e *'T'(t))+>0 is a strongly continuous semigroup (see Exercise 5.3), we may
use Theorem 5.1.5.3 to conclude that the second term on the right-hand side
converges to x for 7 | 0. Thus for all z € X,

T(r)—1
ARz = li% (L> Rsx = sRyx — x. (5.15)
T T

Furthermore, by Theorem 5.2.2 we find for every x € D(A) that
R Az = / e T (t)Axdt = [e”*'T(t)x] 207(75)/ e T (t)x dt = —x+sRsx,
0 0
where we used integration by parts. Thus we find that Rs(sI — A)z = x for all
x € D(A). Further, equation (5.15) shows (sI — A)Rsx = x for all # € X and thus
(s — A)~' = R,.
2. This follows easily from the equality
A=) M —A) Nl —A) =N - AN - A+ A—pl)(ul — A)7!
=(ul — A=\ - AL
Part 3 is proved in Example A.2.2. O
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5.3 Abstract differential equations

Theorem 5.2.2.2 shows that for g € D(A) the function x(t) = T'(t)x¢ is a solution
of the abstract differential equation

z(t) = Ax(t), x(0) = xo. (5.16)

Definition 5.3.1. A differentiable function z : [0,00) — X is called a classical
solution of (5.16) if for all ¢ > 0 we have z(t) € D(A) and equation (5.16) is
satisfied.

Using Theorem 5.2.2 it is not hard to show that the classical solution is
uniquely determined for oy € D(A).

Lemma 5.3.2. Let A be the infinitesimal generator of the strongly continuous semi-
group (T'(t)),~o- Then for every xo € D(A), the map t — T(t)xq is the unique
classical solution of (5.16).

Proof. Let = be a classical solution of (5.16), and define for s € [0, ¢] the function
z(s) =T (t—s)x(s). Then for s € (0,t) and h € R such that s+ h € (0,t), we have
that

2(s+h) — z(s) _ T(t—s—h)z(s) —T({t— s)x(s) T(E—s—h) xz(s+h) — x(s)

h h h
We want to show that the limit exists for h — 0. The limit of the first term on
the right-hand side exists, since z(s) € D(A), see Theorem 5.2.2.2. The limit of
the second term on the right-hand side exists, since z is differentiable and since
the semigroup is (strongly) continuous. Thus z is differentiable, and

2(s) = —AT(t — s)x(s) + T(t — s)Az(s) =0, s €(0,t).
In other words, z is constant on (0,¢), and since it is continuous we find
a(t) = 2(t) = 2(0) = T(t)x(0) = T(t)xo,
which proves the assertion. O

Definition 5.3.3. A continuous function « : [0,00) — X is called a mild solution of
(5.16) if [, x(s)ds € D(A), x(0) = o and

x(t) — x(0) = A/Ot x(7) dr, for all t > 0. (5.17)

Using Theorem 5.2.2, it is easy to see that ¢ — T'(t)xo is a mild solution of
(5.16) for every zop € X. Further, in Exercise 5.6 we show that the mild solution
of (5.16) is uniquely determined.

Finally, we return to the p.d.e. of Examples 5.1.1 and 5.1.4. We constructed
a Cp-semigroup and showed that the semigroup solves an abstract differential
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equation. A natural question is how this abstract differential equation is related
to the p.d.e. (5.2). The mild solution z of (5.16) takes at every time ¢ values in a
Hilbert space X. For the p.d.e. (5.2) we chose X = L?(0,1), see Example 5.1.1.
Thus z(¢) is a function of ¢ € [0,1]. Writing the abstract differential equation
down using two variables, we obtain

Ox

Comparing this with (5.2), A must equal j—;. Since for zy € D(A) the mild solution
is a classical solution, the boundary conditions must be a part of the domain of
A. So the operator A associated to the p.d.e. (5.2) is given by

d*h
D(A) = {h € L?(0,1) | h, g—g are absolutely continuous, (5.18)
2
L4 € 12(0,1) and 2(0) =0 = £(1)}.

In the next chapter we show that the operator A generates a Cy-semigroup
and that this semigroup equals the one found in Example 5.1.4.

5.4 Exercises

5.1. Let X be a Hilbert space and A € £(X). Show that

o $ LA

n!
n=0

defines a strongly continuous semigroup. Calculate the infinitesimal generator
of this Cp-semigroup.

5.2. Show that in Theorem 5.1.5.5 the inequality || T(¢)|| < M,e“" does not have

to hold for w = wg.

Hint: Consider the Cp-semigroup (e*);>o with A = [(1) ﬂ

5.3. Suppose that (T'(t))>0 is a Co-semigroup on the Hilbert space X.

a) Let A € C, and show that (eMT(t)),-
the growth bound of this semigroup?

is also a Cy-semigroup. What is

b) Prove that the infinitesimal generator of (eMT'(t))
A is the infinitesimal generator of (T'(¢));>0.

is AI + A, where

t>0
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Let (T'(t))i>0 be a Cp-semigroup on the Hilbert space X;, with infinitesi-
mal generator A and suppose that ||T'(¢)]] < Me“t. Let S € £(X1, X2) be
invertible, where X5 is another Hilbert space.

a) Define Ty(t) = ST(t)S~! and show that this is a Cp-semigroup on Xo.

b) Show that the infinitesimal generator of (72(t)),, is given by Ax =
SAS™! with D(A42) = {z € X2 | S7'% is an element of D(A)}.

¢) Show that || Ta(t)|| < Mae®! for all t > 0.

Let (T'(t));~, be a strongly continuous semigroup on the Hilbert space X.
Assume further that its growth bound wy is negative. Let M be defined as

v=[Cre)a

(a) Show that M is finite.
(b) Use Theorem 5.1.5 to show that M~ < —wy.

Let A be the infinitesimal generator of the Co-semigroup (7'(t)),~,. Show
that for every o € X, the map t + T(t)zo is the unique mild solution of
(5.16).

5.5 Notes and references

The theory of strongly continuous semigroups started with the work of Hille,
Phillips, and Yosida in the 1950’s. By now it is a well-documented theory, and
the results as formulated in this chapter can be found in many places. Good text
book references are e.g. Curtain and Zwart [10], Engel and Nagel [15] and Pazy

[44].

Moreover, the original sources Yosida [61] and Hille and Phillips [24] are still

recommended.



Chapter 6

Contraction and Unitary
Semigroups

In the previous chapter we introduced Cp-semigroups and their generators. We
showed that every Cp-semigroup possesses an infinitesimal generator. In this sec-
tion we study the other implication, i.e., when is a closed densely defined operator
an infinitesimal generator of a Cy-semigroup? We remark that if A is bounded,
then its exponential

e AN
At
M=y w (6.1)

n=0

is the Cy-semigroup with A as its infinitesimal generator, see Exercise 5.1. In this
chapter we restrict ourselves to infinitesimal generators of contraction semigroups
on (separable) Hilbert spaces.

6.1 Contraction semigroups

Every Co-semigroup satisfies ||7(¢)|| < Me*! for some M and w, see Theorem
5.1.5. In Example 5.1.3, the constant M equals 1, see (5.8), and thus the Cjy-
semigroup (e~ “'T'(t));>o satisfies ||e”“!T'(t)|| < 1 for all ¢ > 0. Semigroups with
this special property are called contraction semigroups.

Definition 6.1.1. Let (T'(t)):>0 be a Cy-semigroup on the Hilbert space X. Then
(T'(t))¢>0 is called a contraction semigroup, it |T'(¢)|| <1 for every ¢t > 0.

In Proposition 5.2.4 we showed that the resolvent of any generator is bounded
by M/Re(s) for the real part of s sufficiently large. Operators with this property
for s € (0,00) and M =1 are studied next.

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 65
Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1 6,
© Springer Basel 2012
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Lemma 6.1.2. Let A : D(A) — X be a closed linear operator with dense domain
such that (0,00) C p(A) and

1
(el —A)7Y| < = a > 0. (6.2)
Then
li_>m alal —A) e =g (6.3)

for all x € X, where a is constrained to be real.

Proof. Let © € X. Since the domain of A is dense in X, we can find z € D(A)
such that ||z — z|| < e, for any given ¢ > 0. Choose oy € (0,00) such that

(el —A)7Y < for all real @ > . Calculating ||a(al — A)~tz — z|| for

_ | Az]|
a > g gives
loa(al — A)~taz —
= ||eal —A) 'z —a(ad —A) Tzt alad —A) Tz — 24z — g
<lla(al = A~z = 2)| + (el = A+ A)(al = A) 2z — 2] + ||z — 2
a .
< ~llo =z + (el — A)" Az + |2 — |
< 3e,

where we used (6.2). The above holds for every ¢ > 0. Thus lim a(al—A)" 'z =z,

o—r 00
where « is real. O

The following Hille-Yosida theorem on the characterization of infinitesimal
generators is very important, since it provides us with a necessary and sufficient
condition for A to be the infinitesimal generator of a contraction semigroup. Note

however, that in applications often the equivalent formulations of Theorems 6.1.7
and 6.1.8 are used.

Theorem 6.1.3 (Hille-Yosida Theorem). A necessary and sufficient condition for a
closed, densely defined, linear operator A on a Hilbert space X to be the infinites-
imal generator of a contraction semigroup is that (0,00) C p(A) and

1
(el —A)7| < o for all a > 0. (6.4)

Proof. Necessity: Follows directly from Proposition 5.2.4, since wg < 0 and M = 1.

Sufficiency: Set A, = o?(al — A)~' —al, @ > 0. Then A, € £(X) and the
corresponding Cp-semigroup is given by

—a - o?t)" —n
Ta(t) = eAat =e t Z ( n') (a[ — A) s

n=0
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see Exercises 5.1 and 5.3. We show next that the strong limit of T%(¢) exists as
a — 00, and it is the desired semigroup, T'(t). First we show that |Aqz— Az| — 0
as a — oo for © € D(A). Lemma 6.1.2 implies

alal —A) 'z -z as a — oo for all z € X.

Moreover, A,x = a(al — A)~tAx, and thus A,z — Az as a — oo for x € D(A).
Note that

o0

2t n 1
I ()] < -atz 1. (6.5)

Thus the semigroup (T*(t))¢>0 is uniformly bounded on [0, c0). Now,
(@l =A) " H(ul = A) = (pI = A)~Hal = A
and hence A,A, = A, A, and A, TH(t) = TH(t)Ay. For z € D(A), we obtain

T(t)x — TH(t)x = /0 %(T“(t —8)T%(s)x)ds
= /Ot TH(t — 8)(Aa — A )T (s)zds

_ /Ot TH(t — $)T%(s)(Aa — A, )zds.

Thus for a and p greater than 0 it follows that

1T (t) — T (t)z|| < /0 1(Aa = Ap)zl|ds = t]|(Aa — Ay)z|.

However, ||(Aa — Ap)z|| — 0 as o, p — oo, since Aqz — Az as a — oo. Thus
T%(t)x is a Cauchy sequence and so it converges to T'(t)z, say. Using the uniform
boundedness of T*(¢)x and the fact that D(A) is dense in x we may extend this
convergence to every x € X. Clearly, T'(t) € L£(X). Again, using the uniform
boundedness of T°(t) and the equation above, we see that T*(t)x converges to
T'(t)z uniformly on compact time intervals. Furthermore, from (6.5) we conclude
that
IT(t)z| <liminf || T%(t)z| <liminf|z| = ||z|.
a—0o0 a—0o0

It remains to show that (T'(¢)),s, is a strongly continuous semigroup with in-
finitesimal generator A. For all z € X we have

T(t+s)x = ali_>120 Tt + s)x = lim T@)T*(s)x =T )T (s)x.

a— 00

In addition, T'(0) = I, and the strong continuity is a consequence of the uniform
convergence on compact intervals. For € D(A) we obtain

IT%() Az — T(t) Az|| < [T (D)[[[| Aaz — Az|[+|T*() Az — T (t) Az||
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and hence T*(t)A,2 converges to T(t)Az as @ — oo, uniformly on compact in-
tervals for © € D(A). Thus we may apply the limit o« — oo to

¢
T(t)x —x = / TY(s)Aqx ds
0

to obtain .
Tt)x —x = / T(s)Axds for x € D(A).
0

Therefore the infinitesimal generator A of (T'(t));>0 is an extension of A, since

Ap— iy LH2—2
t—0+ t

= Ax for x € D(A).

If @ > 0, then
(el — A)D(A) = X,

which implies . .
(el — A)D(A) = X.

But AD(A) = AD(A), and hence

(aI — A)D(A) = (al — A)D(A).

Since al — A is invertible, see Proposition 5.2.4, we see that D(A) = D(A), and
this completes the proof of the theorem. O

Next we give a characterization of generators of contraction semigroups that
does not require the explicit knowledge of the resolvent. Therefore we introduce
the notion of dissipativity.

Definition 6.1.4. A linear operator A : D(A) C X — X is called dissipative, if
Re (Az,z) <0, x € D(A). (6.6)
We remark that a dissipative operator is in general neither closed nor densely
defined.

Proposition 6.1.5. A linear operator A : D(A) C X — X is dissipative if and only
if
(e — A)x|| > aflz|| for x € D(A),a > 0. (6.7)

Proof. We first assume that the operator A is dissipative. Using the Cauchy-
Schwarz inequality, for z € D(A) and a > 0 we have

(el = A)z| ||z = Re (ol — A)z, z)
= af|z]|* - Re (Az,z) > aj|?,
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where we have used (6.6). Hence we have proved (6.7). Conversely, for z € D(A)
and a > 0, we have

(ol — A)z||* = o?||z||* — 2aRe(Ax, x) + || Az|*.
Using (6.7), for all a > 0 we conclude that
—2aRe(Az, z) + ||Az||* = || (o — A)z|* — o?||z||* > 0. (6.8)
Dividing by « and letting « go to infinity, we find that (6.6) must hold. Since
x € D(A) was arbitrary, we conclude that A is dissipative. O

If we additionally assume that the operator A is closed, then dissipativity
implies that the range of al — A is closed for all o > 0.

Lemma 6.1.6. If A is a closed, dissipative operator, then the range of al — A is
closed for all a > 0.

Proof. Let {z,,n € N} be a sequence in the range of al — A such that z, —» z € X
for n — co. We write z, = (al — A)z,, with x,, € D(A). By the dissipativity, see
equation (6.7) we have

I2n = zmll = [[(@l = A)(@n — 2m)[| = afzn = 2.

Since {z,,n € N} converges, we see that {x,,n € N} is a Cauchy sequence, and
therefore also converges. We call this limit . So z,, = (el — A)x,, — z and x,, — .
Using the fact that A and thus ol — A is closed, we have that z = (ol — A)z.
Thus the range of al — A is closed. O

Next we show that the generators of contraction semigroups are precisely
those dissipative operators for which I — A is surjective.

Theorem 6.1.7 (Lumer-Phillips Theorem). Let A be a linear operator with domain
D(A) on a Hilbert space X. Then A is the infinitesimal generator of a contraction
semigroup (T'(t)),>o on X if and only if A is dissipative and ran (I — A) = X.

Proof. We first assume that A generates a contraction semigroup. Then the Hille-
Yosida Theorem implies that (0,00) C p(A4) and
1
(ol — A7 <= for all a > 0.
!

Thus in particular, ran (I — A) = X and
[[(al — A)zx| > a||lz|| for x € D(A),a > 0.

Now Proposition 6.1.5 implies that A is dissipative.

Conversely, using the Hille-Yosida Theorem it is sufficient to show that A is
densely defined and closed, (0,00) C p(A) and A satisfies (6.4). We first show that
A is densely defined.
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Let z be orthogonal to D(A). Since the range of (I — A) equals X, there
exists an « € D(A) such that z = (I — A)z. Since z is orthogonal to any element
in D(A), we have in particular that (z,z) = 0. Thus

0= (z,2) = ((I — Az, ) = ||z||* - (Az, z).
Taking real parts, we find
0 = ||z||* — Re(Ax, z).

However, the dissipativity of A now implies ||z|| = 0 or equivalently = 0. Thus
z = (I — A)x =0, and therefore the domain of A is dense in X.
Using Proposition 6.1.5 we have

(I — A)z|| > ||z|| for z € D(A), (6.9)

which implies that I — A is injective. Combining this with the surjectivity, I — A has
an (algebraic) inverse. Using (6.9) once more we see that (I — A)~! is a bounded
linear operator. The inverse of a bounded operator is a closed operator. Thus I — A
is closed and therefore A is a closed operator.

It remains to show that for any a > 0, al — A is surjective. If so, we can
repeat the above argument, and conclude from (6.7) that (6.4) holds, and thus A
generates a contraction semigroup.

We first show that the range is dense. Let z be orthogonal to the range of
al — A. Since the range of I — A equals X, we can find an 2 € D(A) such that
z = (I — A)z. In particular, we find

0= (z,(al = A)z) = (I - Az, (ol — A)z) = allz|® — a(Az, ) — (z, Az) + || Az||.
Taking real parts,
0 = al|lz||* — aRe(Az,z) — Re(z, Az) + || Az

By the dissipativity all terms on the right-hand side are positive. Thus = = 0, and
z= (I — A)x = 0. In other words, the range of af — A is dense in X. By Lemma
6.1.6 we have that the range is closed, and thus the range of af — A equals X. O

The following theorem gives another simple characterization of generators of
contraction semigroups.

Theorem 6.1.8. Let A be a linear, densely defined and closed operator on a Hilbert
space X. Then A is the infinitesimal generator of a contraction semigroup
(T'(t));>0 on X if and only if A and A* are dissipative.

Proof. We first assume that A generates a contraction semigroup. By Theorem
6.1.7, A is dissipative. As A is densely defined, the operator A* is well-defined.
By the Hille-Yosida Theorem, we have that [|(al — A) ™| < 1. Since the norm of
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the adjoint equals the norm of the operator, and since the inverse of the adjoint
equals the adjoint of the inverse, we find that

(ol 4% = ll(af — A)7'] <
This implies that for all x € D(A*) we have ||(af — A*)z|| > «||z|*. Proposition
6.1.5 gives that A* is dissipative.

Next assume that A and A* are dissipative. By Lemma 6.1.6, for every o > 0
the range of al — A is closed. Assume that there exists an ap > 0 and a non-zero
z such that z is orthogonal to the range of gl — A. Then for all z € D(A), we
have

0= (z, (o] — A)x) = ap(z,x) — (z, Az). (6.10)

By the definition of A*, this implies that z € D(A*) and A*z = apz. Since A* is
dissipative, we have that

0> Re(A*z, 2) = (a2, 2) = ol 2]

This is a contradiction to the positivity of ag. Hence for all & > 0 the range of
al — A equals X. By Theorem 6.1.7 we conclude that A generates a contraction
semigroup. O

Remark 6.1.9. Instead of assuming that A* is dissipative it is sufficient to assume
that A* has no eigenvalues on the positive real axis.

Next we apply the obtained results to the example of the heated bar, see
Example 5.1.1.

Example 6.1.10. The abstract formulation of Example 5.1.1 leads to the following
operator, see (5.18),

d*h
D(A) = {h € L(0,1) | h, ‘é—g are absolutely continuous, (6.11)
2
L4 € 12(0,1) and 2(0) =0 = (1)},

Next we show that A generates a contraction semigroup on L?(0,1). A is dissipa-
tive, as

(hoan) + (A1) = | h<<>%<c> + SO dc
- (h<<>j—§<c>+%<oﬁ)o | 0% i

Lodh,
=o—2/0 G OIF d¢ <o, (6.12)
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where we have used the boundary conditions. It remains to show that the range
of I — A equals L?(0,1), i.e., for every f € L%(0,1) we have to find an h € D(A)
such that (I — A)h = f. Let f € L?(0,1) and define

¢
h(¢) = acosh(¢) — /0 sinh(¢ — 7)f(7) d, (6.13)
where
1 1
= m/o cosh(l — 1) f(7) dr. (6.14)

It is easy to see that h is an element of L?(0,1) and absolutely continuous. Fur-
thermore, its derivative is given by

dh
dg
This function is also absolutely continuous and satisfies the boundary condition

3—2(0) = 0. Using (6.14) we also have that 3—2(1) = 0. Furthermore,

¢
(¢) = asinh(() —/0 cosh(¢ —7)f(7)dr.

2 ¢
T = acosh(€) = £(0) = [ sinh(¢ = 7)F(r) dr = f(0) + h(O)
where we have used (6.13). Thus h € D(A) and (I — A)h = f. This proves that
for every f € L?(0,1) there exists an h € D(A) such that (I — A)h = f. Thus
the theorem of Lumer-Phillips implies that A generates a contraction semigroup,
which by Theorem 5.2.3 is uniquely determined. It remains to show that this
semigroup equals the one found in Examples 5.1.1 and 5.1.4.

Let (T1(t)),~, denote the semigroup of Example 5.1.4, and (T%(t)),~, the
semigroup generated by the operator A as given in (6.11).

Let ¢, € L?(0,1) be given as ¢, (¢) = v2cos(nm¢), n € N and ¢o(¢) = 1. It
is easy to see that ¢, € D(A). Furthermore, Ag, = —n?72¢,. Since ¢,, € D(A),
the abstract differential equation

#(t) = Az(t)  2(0) = én

has a unique classical solution, T5(t)¢,, see Lemma 5.3.2. By inspection, we
see that x(t) = e ™ ™ !¢, satisfies this differential equation. Thus Ts(t)¢n =
e‘"2”2t</)n. Since the semigroup is a linear operator we find that

N N 5 o
TQ(t) <Z an¢n> = Z ane_” T t¢n~
n=0 n=0

Thus on span {¢,, }, T>(t) equals T} (t). Since span {¢,,} lies densely in L?(0,1), we
conclude that To(t) = T1(t) for t > 0.
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6.2 Groups and unitary groups

By definition, semigroups are only defined on the positive time axis. However, the
simplest example of a semigroup, i.e., the exponential of a matrix, is also defined
for ¢ < 0. If the semigroup (7'(t)),~, can be extended to all ¢ € R, then we say
that (T'(t)),cp is a group. We present the formal definition next.

Definition 6.2.1. Let X be a Hilbert space. (T'(t)),cp is a strongly continuous
group, or Cy-group, if the following holds:

1. For all t € R, T'(t) is a bounded linear operator on X;

2. T(0) =1,

3. T(t+7)=T@)T(r) for all t,7 € R.

4. For all xy € X, we have that ||T'(t)zo — xo||x converges to zero, when ¢ — 0.

It is easy to see that the exponential of a matrix is a group. As for semigroups,
we can define the infinitesimal generator of a group, see Definition 5.2.1.

Definition 6.2.2. Let (7'(t)),cr be a Co-group on the Hilbert space X. The in-
finitesimal generator is defined as

T(t).’l?o — X0
4
for g € D(A). Here D(A) consists of all zy € X for which this limit exists.

Axg = lim
t—0

(6.15)

The following theorem characterizes generators of Cy-groups.

Theorem 6.2.3. A is the infinitesimal generator of a Cy-group if and only if A and
—A are infinitesimal generators of Cy-semigroups.

More precisely, if (T'(t)),cr is a Co-group with generator A, then (T (t)),~
and (T—(t)),~, defined by

T (t)=T(t), t>0, and T (t)=T(-t) t>0,  (6.16)

are Cy-semigroups with infinitesimal generators A and —A, respectively. Con-
versely, if A and —A generate Cy-semigroups (T4 (t)),~, and (T_(t)),~,, then

A generates a Co-group (T'(t)),cp, which is given by

ﬂo{nﬁ% 20, (6.17)

Proof. Let (T'(t)),cp be a Co-group. The semigroups (7 (t)),~, and (T (1)), are
defined by (6.16). It is easy to see that these are strongly continuous semigroups

on X. We denote their infinitesimal generators by A and A_, respectively.
It is easy to see that D(A) C D(Ay), D(A) C D(A-) and

Axg = A+$0, o € D(A) (618)
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Next we show that these three domains are the same. Let x9 € D(A,), and
consider the following equation for ¢t > 0:
T(*t)l?o — X0
t

w —+ A+II,’0> —+ A+$0 — T(*t)AJrCEO

(6.19)
Since xg € D(Ay) and (T'(t)),c is strongly continuous, the right-hand side con-
verges to zero for t | 0, and thus also the left-hand side converges to zero for
t | 0. This implies that zop € D(A_) and also that (6.15) exists, which shows
D(A;) € D(A_) and D(Ay) C D(A). Since we already had that D(A) C D(Ay),
we conclude that D(A;) = D(A). Similarly, we can show that D(A_) = D(A).
Furthermore, from (6.19) we conclude that A_zy = —Azo. Combining this with
(6.18), we have that Ay = A, and A_ = —A. Thus both A and —A are infinitesi-
mal generators of Cy-semigroups.

Next we prove the other implication. Denote the semigroups generated by A
and —A by (T4(t)),~, and (T—(t)),~, respectively. For zo € D(A) consider the
continuous function f(t) = T (¢)T—(t)xo, ¢ > 0. By Theorem 5.2.2 this function
is differentiable, and

4
dt

+ Ayzo = T(—t) <

(t) = Ty () AT (t)zo + T4 () (—A)T_ (t)z0 = 0.

Thus f(t) = f(0) = zo. Since T4 (¢t)T_(¢) is a bounded operator, and since the
domain of A is dense we have that

T,(OT_(t) =1, t>0. (6.20)

Similarly, we find that 7" (¢)T (t) = I. Now we define (T'(t)),cp by (6.17). It is
easy to see that (T'(t)),.p satisfies properties 1, 2, and 4 of Definition 6.2.1. So it
remains to show that property 3 holds. We prove this for 7 < 0,¢ > 0, and 7 < —t¢.
The other cases are shown similarly.

We have that

Tt+7)=T_(=t—7)=T4 ) T-O)T_ (-t —7) =T (t)T_(—7) = T)T(7),
where we have used (6.20) and the semigroup property of (T_(t))¢>o. O

Definition 6.2.4. A strongly continuous group (7'(t)):cr is called a unitary group
if |T(t)z|| = ||z|| for every x € X and every t € R.

We close this section with a characterization of the infinitesimal generator of
a unitary group.

Theorem 6.2.5. Let A be a linear operator on a Hilbert space X. Then A is the
infinitesimal generator of the unitary group (T'(t))ter on X if and only if A and
—A generate a contraction semigroup.
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Proof. Let (T'(t)),cp be the unitary group, then it is easy to see that
IT#®)zoll = llzoll, ¢>0,  and  [|T(=t)zol = [[zoll, > 0.

Thus by Theorem 6.2.3, A and — A generate contraction semigroups.

Assume next that A and —A generate a contraction semigroup, then by
Theorem 6.2.3, A generates a group which is given by (6.17). Let 2y € X and
t > 0, then

ol = |T'(#)T'(—t)xo|| < [|[T(—t)xo| since (T'(t)),o is a contraction semigroup
< lzoll,

where we have used that (T'(—t)),~, is a contraction semigroup. From these in-
equalities we obtain that | T'(—t)xo|| = ||zo||, ¢ > 0. Similarly, we can show that
| T (t)zo| = |lzol|. Thus (T'()),cp is a unitary group. O

Remark 6.2.6. Another useful characterization of a unitary group is the following:
A is the infinitesimal generator of a unitary group if and only if A = —A* ie., A
is skew-adjoint.

6.3 Exercises

6.1. Let Ag be a self-adjoint, non-negative operator on the Hilbert space X. Prove
that A := —Aq is the infinitesimal generator of a contraction semigroup on
X.

6.2. Let A be the infinitesimal generator of the Cp-semigroup (7'(t)):>0 on the
Hilbert space X. Prove that (T'(¢)):>0 is a contraction semigroup if and only
if

(A2, 3) + (3, Az) <0
for every z € D(A).

6.3. Let X be the Hilbert space L?(0,1) and define for t > 0 and f € X the
following operator:

fE+¢), Cel0,1], t+(<1,

0, Celo,1], t+¢ > 1. (6:21)

(T®f) €)= {

(a) Show that (T7'(t)),> is a contraction semigroup on X.

(b) Prove that the infinitesimal generator of this semigroup is given by

df

Af:d_é-a

(6.22)
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with domain

D(A)= {fGLQ(O, 1) | f is absolutely cont., Z—Jé € L*(0,1) and f(l)()} .

Hint: In order to calculate the domain of the generator A, note that
D(A) =ran ((I — A)~') and use Proposition 5.2.4.

6.4. Consider the following operator on X = L?(0,1):

_ Y

Af =%

(6.23)

with domain
D(A)= {fGLQ(O, 1) | f is absolutely cont., Z—Jé € L*(0,1) and f(l)f(())} .

(a) Show that this operator generates a unitary group on X.
(b) Find the expression for this group.

6.5. In this exercise, we give some simple p.d.e.’s which do not generate a Cy-
semigroup. As state space we choose again X = L?(0,1).

(a) Let A be defined as
daf
Af = — .24
f=g (6.24)

with domain

D(A)= {fGLz(O, 1) | f is absolutely cont. and Z—‘Z € L*(0, 1)} .

Show that A is not an infinitesimal generator on L2(0, 1).
Hint: Show that ol — A is not injective for any a > 0.

(b) Let A be defined as

_df
Af =5 (6.25)
with domain
D(A)= {fELQ(O7 1) | f is absolutely cont., j—é € L*(0,1) and f(0) :O} .

Show that A is not an infinitesimal generator on L?(0,1).
Hint: Show that the norm of (al — A)~1f for f(¢) = 1,¢ € [0,1] does
not satisfy the norm bound of Proposition 5.2.4.
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6.4 Notes and references

Contraction and unitary semigroups appear often when applying semigroup theory
to partial differential equations, see for instance Chapter 7. This implies that
a characterization as given in the Lumer-Phillips Theorem is widely used. This
theorem dates 50 years back, see [39] and [46]. There are many good references
concerning this theorem, such as Curtain and Zwart [10], Engel and Nagel [15],
Pazy [44], Yosida [61], and Hille and Phillips [24].



Chapter 7

Homogeneous Port-Hamiltonian
Systems

In the previous two chapters we have formulated partial differential equations as
abstract first order differential equations. Furthermore, we described the solutions
of these differential equations via a strongly continuous semigroup. These differ-
ential equations were only weakly connected to the norm of the underlying state
space. However, in this chapter we consider a class of differential equations for
which there is a very natural state space norm. This natural choice enables us to
show that the corresponding semigroup is a contraction semigroup.

7.1 Port-Hamiltonian systems

We begin by introducing a standard example of the class of port-Hamiltonian
systems.

Example 7.1.1. We consider the vibrating string as depicted in Figure 7.1, which
we have studied in Example 1.1.4 as well. The string is fixed at the left-hand

RS

Figure 7.1: The vibrating string

MM

side and may move freely at the right-hand side. We allow that a force v may be
applied at the right-hand side. The model of the (undamped) vibrating string is

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 79
Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1 7,
© Springer Basel 2012
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given by

0%w 1 0
e = o2 (TOgeD). (1)
where ¢ € [a, ] is the spatial variable, w((,t) is the vertical position of the string
at place ¢ and time ¢, T is the Young’s modulus of the string, and p is the mass
density, which may vary along the string.

This system has the energy/Hamiltonian

p0 =4 [ o0 (%icn) +10 (o) . a2

Assuming that (7.1) possesses a (classical) solution, we may differentiate this
Hamiltonian along the solutions of the partial differential equation

dE b
L= [ o5 enGmcn + 70506052 c.0
ow 0*w
= [ 2z (T02e60) +TOJe €0 e c.yac
_ Ow ow ow dw
= SHO.OTO 0.0 - G @ OT(@) 5 (0.1), (73)
where we used integration by parts. Note that 812’ is the velocity, and T%—Z" is the

force. Furthermore, velocity times force is power which by definition also equals
the change of energy. Hence, (7.3) can be considered as a power balance, and the
change of internal power only happens via the boundary of the spatial domain.
The string is fixed at ¢ = a, that is, %(a, t) = 0. Furthermore, we have assumed
that we control the force at ¢ = b. Thus the power balance (7.3) becomes

dE ow
) = —— . 4
(1) = 220, yutt (7.4
Next we apply a transformation to equation (7.1). We define x; = p% (momen-
tum) and zo = ‘?)—72’ (strain). Then (7.1) can equivalently be written as
AfmCn ][0 112 ([ag O ][=(y
ot 3?2((,75) 1 O aC 0 T(C) .’Iﬁg(c,t)

_ pla2 (”H(C) { ZEE g D , (7.5)

where P; = [{}] and H(¢) = } The energy/Hamiltonian becomes in
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the new variables, see (7.2),

bIIZ 2
E@rzl/-iﬁiL+T«mxaw%<

2 p(C)
L[ z1((,t)
3 [ Lo m@ouo| 2Ed . wo

Various examples can be written in a similar form as the previous example,
which is a particular example of a port-Hamiltonian system.

Definition 7.1.2. Let P; € K™*™ be invertible and self-adjoint, let Py € K™"*™ be
skew-adjoint, i.e., Pf = —P, and let H € L*([a,b]; K™*"™) such that H({)* =
H(C), mI < H(C) < MI for a.e. ¢ € [a,b] and constants m, M > 0 independent of
¢. We equip the Hilbert space X := L?([a, b]; K") with the inner product

1 b
Halx =3 [ 9@ HQOIQ . (17)
Then the differential equation
Oz 0
Gt = P18—< (H(Qz(C, 1) + Po (H(Q)x(C, 1)) - (7.8)

is called a linear, first order port-Hamiltonian system. The associated Hamiltonian
E : [a,b] = K is given by

1

b
B(0) =5 [ (¢ (G, 00 (79)

Remark 7.1.3. We make the following observations concerning this definition.

1. Hamiltonian differential equations form an important subclass within ordi-
nary and partial differential equations. They include linear and non-linear
differential equations, and appear in many physical models. We restrict our-
selves to linear differential equations of the type (7.8), and will normally omit
the terms “linear, first order”.

2. In Hamiltonian differential equations, the associated Hamiltonian is normally
denoted by H instead of E. Since in our examples the Hamiltonian will always
be the energy, and since we want to have a clear distinction between H and
the Hamiltonian, we have chosen for E.

3. Since the squared norm of X equals the energy associated to the linear, first
order port-Hamiltonian system, we call X the energy space.

4. Since mI < H(¢) < M1 for a.e. € [a, b], the standard L?-norm is equivalent
to the norm defined by (7.7), i.e., for all f € L?([a,b]; K")

m M
2132 < A0 < 12
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5. Real self-adjoint matrices are also called symmetric, and for complex self-
adjoint the term Hermitian is used as well.

We have seen that the vibrating string is a port-Hamiltonian system. Next
we show that the model of the Timoshenko beam is a port-Hamiltonian system as
well.

Example 7.1.4. The model of the Timoshenko beam incorporates shear and rota-
tional inertia effects in a vibrating beam. Its equations are given by
00280 = 2 (k0 (Licn-scn)). ceb, >0
at2 ) aC aC ) ) ) ) — )
(7.10)

1560 = m (105260 + K0 (Ge6.6 - olc.1)).

where w((, t) is the transverse displacement of the beam and ¢((, t) is the rotation
angle of a filament of the beam. The coefficients p(¢), 1,(¢), EI(¢), and K(¢) are
the mass per unit length, the rotary moment of inertia of a cross section, the
product of Young’s modulus of elasticity and the moment of inertia of a cross
section, and the shear modulus, respectively. The energy/Hamiltonian for this
system is given by

=3[ <K<<> (Sec.0-oc.0)

w10 (%10 + 100 (206 t))2> (AT

2

o0 (Ricn)

In order to show that the model of the Timoshenko beam is a port-Hamiltonian
system, we introduce the following (physical) notation.

x1((,t) = ?9_12}((’ t) — ¢(¢,t) shear displacement

(¢ =022 momentum
x3((,t) = (;(é) (¢, 1) angular displacement

x4(C,t) = p(C)%(g,t) angular momentum.

Calculating the time derivative of the variables 1, ..., x4, we find by using (7.10),
9 (Iz(C t)) _ za(Gt)
21(¢,1) ac \ " p(Q) 7,(0
ot | z3(¢,t) 8% T4 <<>) ’
,t

260 ]| 2 (BQastc.) + K6t
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Dropping for readability the coordinates ( and ¢, we obtain

o

1 0100 K 0 0 )
dla | _[1 000|200 4 0 0 @
ot | x| |0 0 0 1|9 0 0 EI O T3
T4 0010 0 0 0 4+ T4
P
00 0 -1 K (1) 0 0 1
00 0 O 0 < 0 0 To
p
Tlo oo o 0 0 EBI 0 || (7.13)
100 0 0 0 0 4+ T4
P
Formulating the energy /Hamiltonian in the variables x1, .. ., x4 is easier, see (7.11)
B0 = 2 [ KQni(6 07 + —a(c. 07 + BIQua(Go 7 + —a(G, 0%C
=5 ; sy ; ; 4\6,
2Ja 0 ’ 1,(C)
([ e TR 000 ()
2 a IS(Cat) 0 0 EI(C) (1) xS(Cat)
$4(<,t) 0 0 0 7,00 .’174(C,t)
(7.14)

This shows that the Timoshenko beam can be written as a port-Hamiltonian sys-
tem on X = L?([a,b]; R?). Next we calculate the power. Using the above notation
and the model (7.10), we find that the power equals

dE 22(C, 1) b

- — T $4(C7t)
T = [KOn@oZE

L(O) 1,

+ EI(Q)x5(¢,t) (7.15)

Again, the power goes via the boundary of the spatial domain.

As we have seen in the examples, the change of energy (power) of these
systems was only possible via the boundary of its spatial domain. In the following
theorem we show that this is a general property for any system which is of the
form (7.8) with Hamiltonian (7.9).

Theorem 7.1.5. Let = be a classical solution of the port-Hamiltonian system (7.8)
with Hamiltonian (7.9). Then the following balance equation holds:

1) = £ [(QOlc.1)" PAHQa(C. 1)) (7.16)

(t) =
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Proof. By using the partial differential equation, we obtain

b X b X
TO =5 [ GO0 + 5 [ 2 HOF €
I 0 .
3 [ (P (0t )+ R(Q(c.0)) HO)(6. )¢
b
43 [ e o) (P (HQe(c ) + AU )

Using now the fact that P; and H({) are self-adjoint, and Py is skew-adjoint, we
write the last expression as

1 b
2

*

((%(H(Oac(c, t>>) PAH(O)2(C. 1) + (H(Q)2(C, 1) (P13<H<<>x<c,t>>) ac

. aC
b
45 [ = (HO2(6.0)" BH(OR(C ) + (HOs(6. )" BrH(Oa(C. )G
— 3 | 2 et PO 0] ¢
= 2 [(H(Q(¢, 1) PAHQ(¢, 1))
Hence we have proved the theorem. O

The balance equation (7.16) is very important, and guides us in many prob-
lems. It explains the name port-Hamiltonian system. The system has a Hamiltonian
(most times energy) and changes of this quantity can only occur via the boundary,
i.e., the ports to the outside world. Note that (7.8) with Py = 0 is the infinite-
dimensional counterpart of the finite-dimensional port-Hamiltonian system of Sec-
tion 2.3. The J is replaced by Pla%’ which is a skew-symmetric operator, and H
is replaced by the operator, which multiplies by H().

As we showed in the previous two chapters, a partial differential equation
needs boundary conditions in order to possess a unique solution. In the next section
we characterize those boundary conditions for which the port-Hamiltonian system
generates a contraction semigroup.

7.2 Generation of contraction semigroups

In this section, we apply the general results presented in Chapters 5 and 6 to
port-Hamiltonian systems, i.e., we consider partial differential equations of the
form

oz 0
E(Cv t) = Pla_C (H(C)x(C7 t)) + POH(C)x(Cv t)' (717)



7.2. Generation of contraction semigroups 85

and we aim to characterize (homogeneous) boundary conditions such that (7.17)
possesses a unique solution. In order to write (7.17) as an abstract differential
equation, we “hide” the spatial dependence, and we write the p.d.e. as the (ab-
stract) ordinary differential equation

Cfl—f(t) - Pla% (Ha(t)) + Py (Ha(t)). (7.18)

Hence we consider the operator

Aoz 1= pldilC (Ha) + Py (Hz) (7.19)

on the state space
X = L*([a, b]; K™) (7.20)

with inner product

1 fb
(Fa)x =5 | 9O HOSC) de (7.21)
and domain

D(Ag) ={z € X | Hx € H'([a,b; K")} . (7.22)

Here H'([a,b];K™) is the vector space of all functions from [a,b] to K", which
are square integrable, absolutely continuous, and the derivative is again square
integrable, that is,

H'([a,b]; K")
d
= {f € L*([a,b); K") | f is absolutely continuous and d_é € L?([a,b); K™)}.
Note, that Aj as the maximal domain. In order to guarantee that (7.17) possesses

a unique solution we have to add boundary conditions. It turns out that it is better
to formulate them in the boundary effort and boundary flow, which are defined as

1 1

o = (H)(0) + (Ha)()) and fo = —

respectively. Next, we show some properties of the operator Ag.

(Pr(Hz)(b) — Pr(Hz)(a))
(7.23)

Lemma 7.2.1. Consider the operator Aqy defined in (7.19) and (7.22) associated to a
port-Hamiltonian system, that is, the assumptions of Definition 7.1.2 are satisfied.
Then the following results hold:

1
1. Re <A0:U,QZ>X = Z(fék@a + €Z§f¢9)-

2. For every [y ] € K" there exists an zo € D(Ao) such that [ég:g;g” =[¥]-
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Proof. 1. For the differential operator Ay and x¢ € D(Ay) we have

(o) + fo Anse = 5 [0l H00) (P ()(O) + ) ©))

1 *

b0
+5 [ (P 0O + BiHa)©) ) H(Qe0) s
Using the fact that Pj is self-adjoint, and Py is skew-adjoint, we find

(Ao, x)x + (x, Apx) x

-3/ () (it ) ) + (2 () ©)) PAH(Q(Q)ic

+3 | OO (AR(Q=(0) = (R (Q)" PHC2(OdC

- / dic (OPy (Mx) (O)) d¢
:%( )" (b) Py (Ha) (b) — (Hx)* (a)Py (Hz) (a)) .

Combining this equality with (7.23), we obtain

(Aoz,7)x + (7, Aox)x = % (foea +esfoa) . (7.24)

2. It is easy to see that xg defined as

w0 =170 (v+ =)

is an element of the domain of Ay and satisfies the boundary conditions. O

The balance equation (7.16) shows that the boundary flow is not determined
by z, but by Hx. Therefore, we formulate the boundary conditions in this variable.
So we consider the boundary conditions

Ws [ H(b)x(Z’ 2 } -0, t>0. (7.25)

It turns out that formulating the boundary conditions directly in x or Hx at
¢ = a and ¢ = b is not the best choice for characterizing generators of contraction
semigroups. It is better to formulate them in the boundary effort and boundary
flow, which are defined by (7.23). We write this as a matrix vector product, i.e.,

{ £§ } =M [ 81;)8; } ) (7.26)
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with Ry € K2"*2" defined as

Ry = % ﬁl fl} . (7.27)

Next, we show some properties of this transformation.

Lemma 7.2.2. Let Py be self-adjoint and invertible in K"*™ then the matriz Ry €
K27*2n defined by (7.27) is invertible, and satisfies

{Pl 0

o _p } = RISRy, (7.28)

where

Z:[? H (7.29)

All possible matrices R which satisfy (7.28) are given by the formula R = U Ry,
with U satisfying U*XU = X.

Proof. We have that

1 P I 0 I P -P I 1A 0
R IS R R A
Thus using the fact that P; is self-adjoint, we obtain that Ry := \/Lﬁ [1;1 _f 1}
satisfies (7.28). Since P is invertible, the invertibility of Ry follows from equation
(7.28).
Let R be another solution of (7.28). Hence

P 0

RER{ o _p,

} = RiYRo.

This can be written in the equivalent form
Ra*R*ZRRal =2.

Calling RRa1 = U, we obtain U*XU = ¥ and R = URyp, which proves the
assertion. O

Since the matrix Ry is invertible, we can write any condition which is formu-
lated in (Hz)(b) and (Hz)(a) into an equivalent condition which is formulated in
fo and ey.

Using (7.26), we write the boundary condition (7.25) (equivalently) as

Wy [ 528 } —0, (7.30)
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where Wp = W R, . Thus we study the operator

Az = Pld% (Ha) + Py (He) (7.31)

with domain
D(A) = {z € L*([a,b;K") | Ha € H'([a,b]; K"), Wy [f2] = 0}. (7.32)

In Theorem 7.2.4 we characterize the boundary conditions for which the op-
erator (7.31) with domain (7.32) generates a contraction semigroup. The following
technical lemma is useful.

Lemma 7.2.3. Let Z be a Hilbert space with inner product (-,-), and let P € L(Z)
be a coercive operator on Z, i.e., P is self-adjoint and P > el, for some ¢ > 0.

We define Zp as the Hilbert space Z with the inner product {-,-)p := (-, P-).
Then the operator A with domain D(A) generates a contraction semigroup on Z
if and only if AP with domain D(AP) = {z € Z | Pz € D(A)} generates a
contraction semigroup on Zp.

Proof. By the coercivity of P it is easy to see that Zp is a Hilbert space.
Since the inverse of P is also coercive, we only have to prove one implication.
We assume that A with domain D(A) generates a contraction semigroup.
We first show that Re(z, APx)p < 0 for z € D(AP). For x € D(AP), we
have that
Re(z, APx)p = Re(z, PAPx) = Re(Pz, APz) <0,

where we have used that P is self-adjoint and A is dissipative. Clearly, AP is a
linear, densely defined and closed operator on Zp. Using Theorem 6.1.8 it remains
to show that the adjoint of AP is dissipative as well. z € Zp is in the domain of
the adjoint of AP if and only if there exists a w € Zp such that

<Zv A’P:ZZ>7> = <wa :ZZ>7> (733)
for all x € D(AP). Equation (7.33) is equivalent to
(Pz, APx) = (w, Pz). (7.34)

x € D(AP) if and only if Px € D(A), which implies that (7.34) holds for all
x € D(AP) if and only if
(Pz, AZ) = (w, T) (7.35)

holds for all € D(A). Equation (7.35) is equivalent to the fact that Pz € D(A*)
and w = A*Pz.
Summarizing, z € D((AP)*) if and only if Pz € D(A*) and furthermore,

(AP)* z = A* Pz, z € D((AP)"). (7.36)
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It remains to show that the adjoint as defined in (7.36) is dissipative. This is
straightforward by using (7.36)

Re(z, (AP)*z)p = Re(z, PA*Pz) = Re(Pzx, A*Pzx) <0,
where we used the fact that A* is dissipative. O

The following theorem characterizes the matrices W for which the operator
A with domain (7.32) generates a contraction semigroup. The matrix ¥ is defined
in (7.29). For the proof of this theorem we need some results concerning matrices,
which can be found in Section 7.3.

Theorem 7.2.4. Consider the operator A defined in (7.31) and (7.32) associated
to a port-Hamiltonian system, that is, the assumptions of Definition 7.1.2 are
satisfied. Furthermore, Wy, or equivalently Wg, is an n x 2n matriz of rank n.
Then the following statements are equivalent.

1. A is the infinitesimal generator of a contraction semigroup on X.
2. Re(Ax,x)x <0 for every x € D(A).
3. WgEWg > 0.

Proof. The Lumer-Phillips Theorem shows that part 1 implies part 2.

We next show that part 2 implies part 3. Thus we assume that Re (Az, z) x <
0 for every x € D(A). Using the fact that A is a restriction of Ay, Lemma 7.2.1
implies fjes + €5 fo < 0 for every x € D(A). Furthermore, by Lemma 7.2.1 for
every pair [/] € ker W, there exists a function z € D(A) with boundary effort
es = e and boundary flow fs = f. Thus we have f*e + e*f < 0 for every pair
[1] € ker Wg.

We write Wg as Wp = [ Wi Ws ] If y lies in the kernel of Wi + W,
then W [y] = 0, and thus y*y + y*y < 0, which implies y = 0. This shows
that the matrix Wy + Ws is injective, and hence invertible. Defining V := (W7 +
Wo)~L(W; — Wa), we have

1
[Wl WQ]:i(Wl+W2)[I+V I—V}
Let [/] € ker Wg be arbitrary. By Lemma 7.3.2 there exists a vector ¢ such that
[f]= [,II_,VV} £. This implies
0> ffete’f=0"(=2I+2VV)L, (7.37)

This inequality holds for any [/ ] € ker Wg. Since the nx 2n matrix Wg has rank n,
its kernel has dimension n, and so the set of vectors ¢ satisfying [f] = [ 1 I_—VV] ¢ for
some [/] € ker Wg equals the whole space K™. Thus (7.37) implies that V*V < I,
and by Lemma 7.3.1 we obtain WpXW} > 0.
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Finally, we show that part 3 implies part 1. The proof of this implication is
divided in several steps. Using Lemma 7.3.1, we write the matrix Wp as Wp =
S [I +V I- V], where S is invertible and V*V < I.

Step 1. Using (7.31) and (7.32) we write Ax = A;Hx, where Aj is defined by (7.31)
and (7.32) with # = I. Furthermore, the inner product of the state space X, see
(7.7), equals (f,Hg)r, where (-,-); is the inner product (7.7) with H = I, i.e.,
the standard inner product on L?([a, b]; K™). Since H is a coercive multiplication
operator on L?([a, b]; K"), we may apply Lemma 7.2.3 to conclude that A generates
a contraction semigroup on X if and only if A; generates a contraction semigroup
on L?([a, b]; K™). Hence, it is sufficient to prove this implication for H = I.

Step 2. Let H =1 and x € D(A). Lemma 7.2.1 implies
1
(Az, 2)x + (2, Av)x = 5 (foea +epfo) -

By assumption, the vector [gg} lies in the kernel of Wp. Using Lemma 7.3.2, [gg}
equals [ffivv] ¢ for some ¢ € K". Thus we get

(Az, 2y x + (z, Ax)x = % (f5ea + €5fa)
s o T R g T T)
— (—T+ VTV <0, (7.38)

where we used again Lemma 7.3.1. This implies the dissipativity of A.

Step 3. By the Lumer-Phillips Theorem (Theorem 6.1.7) it remains to show that
the range of I — A equals X.
The equation (I — A)z = y is equivalent to the differential equation

2(¢) — Pi(C) — Pox(¢) = y(C), ¢ €a,b]. (7.39)

Thanks to the invertibility of the matrix P, the solution of (7.39) is given by

¢
x(():e(Pfl—PflPo)(C—a)x(a)_/ P =PI POC=T) pely (), (7.40)

a

x € D(A) if and only if, see (7.26) and (7.30),

B xz(b) | Ezx(a) +q
0=WgRy |: 2(a) :| = WgRy |: 2(a) , (7.41)
where E = e(Pr ' —Pr P)(b-a) apq ¢ = —f; e(Pfl_Pflpﬂ)(b_T)Pfly(T)dT, see

(7.40). Equation (7.41) can be equivalently written as

Wi Ro [ ’? } 2(a) = —WgRo [ g } . (7.42)
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Next we prove that the square matrix W R [ ¥ ] is invertible. A square ma-
trix is invertible if and only if it is injective. Therefore, we assume that there exists
a vector 1o # 0 such that

WBRO |: ? :l ro = 0. (743)

Now we solve equation (7.39) for z(a) = 9 and y = 0. The corresponding solution
lies in D(A) by (7.40) and (7.41). Thus (I — A)z = 0 has a non-zero solution.
In other words, x, being the solution of (7.39) with x(a) = 79 and y = 0, is
an eigenfunction of A with eigenvalue one. However, by (7.38), A possesses no
eigenvalues in the right half-plane, which leads to a contradiction, implying that
WpgRy [ %] is invertible, and so (7.41) has a unique solution in the domain of A.
The function y was arbitrary, and so we have proved that the range of I — A
equals X. Using the Lumer-Phillips Theorem 6.1.7, we conclude that A generates
a contraction semigroup. 0

We apply this theorem to our vibrating string example, see Example 7.1.1.

Example 7.2.5. Consider the vibrating string on the spatial domain [a,b], see
Example 7.1.1. The string is fixed at the left-hand side and we apply no force at
the right-hand side, which gives the boundary conditions

ow ow

@N=0 TO)H(0.1) = (7.44)

We have P, = [V{], Pp = 0, and H(¢) = [@ T((Jq)}’ see (7.5). Using this and
equation (7.23) the boundary variables are given by

1 [ TR -T@2@ ] 1 220)+2)
p=g| RG] o= o) +ﬁ<a>g—?<a2j45)
The boundary condition (7.44) becomes in these variables '
0] [ Tb)32(0,1)
o= 1"
171 0 0 1] folt) folt)
:_2[0 11 OHGQ@FWB[&@}’ (7.46)

with Wi = f [(1) _01 (1) (1)] Since Wp is a 2 x 4 matrix with rank 2, and since

WEEXWZL = 0, we conclude from Theorem 7.2.4 that the operator associated to
the p.d.e. generates a contraction semigroup on L?([a, b]; R?) with the norm (7.6).

In the above we used part 3 of Theorem 7.2.4 to show that the operator asso-
ciated to the p.d.e. (7.1) with boundary conditions (7.44) generates a contraction
semigroup on the energy space. To complete this example we show how this can
be proved using part 2 of Theorem 7.2.4.
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From (7.25) and (7.44) we see that

[0} :{’ng%%uﬂ }: [8 é ? 8} [Cﬂxxw }:‘pB[(Hxxg}_

0 0. 1) (H)(b) (H)(b)
3 (7.47)
It is clear that the rank of W is two. The operator A is given as
d
d dc(T'z2)
Az = Py 7z (He) = s (7.48)
¢ (%)

with domain
D(A) = {x € L*([a,b];R?) | Hx € H'([a,b];R?), and (7.47) holds}.

Thus for z € D(A) we have

b -
() = [ ey o+ & (—) (©) - (T22) (Q)dC
b

- 02 @] =0-0-0

a

where we used the boundary conditions (7.47). By part 2 of Theorem 7.2.4, we
conclude that A generates a contraction semigroup on X.

7.3 Technical lemmas

This section contains two technical lemmas on matrix representations. They are
important for the proof of Theorem 7.2.4, but not for the understanding of the
examples.

Lemma 7.3.1. Let W be a n x 2n matriz and let ¥ = [9I]. Then W has rank n
and WEXW™* > 0 if and only if there exist a matrix V. € K™*™ and an invertible
matriz S € K"*" such that

W:S[I+V I—V] (7.49)
with VV* < I, or equivalently V*V < 1.
Proof. Sufficiency: If W is of the form (7.49), then we find

I+vr

WEW* = S[ IV z_v]z{l_v*

} S* = S(2I —2VV*)S*,  (7.50)

which is non-negative, since VV* < I. Assuming rk W < n, there exists x # 0
such that *W = 0, or equivalently (S*z)* [ I+VvV I1-V } = 0. This implies
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for & := S*x that £(I +V) =0 and Z(I — V) =0, and thus & = 0, which leads to
a contradiction. Therefore, tk W = n.

Necessity: Writing W as W = [ Wy Wy }, we see that WXW™* > 0 is equivalent
to WhWs + WoWi > 0. Hence

(Wl + WQ)(Wl + Wg)* > (Wl — WQ)(Wl — Wg)* > 0. (751)

If z € ker((W1+W3)*), then the above inequality implies that « € ker((W,—Ws)*).
Thus 2 € ker(W;)Nker(W5). Since W has full rank, this implies that 2 = 0. Hence
W1 + W3 is invertible. Using (7.51) once more, we see that

(W1 + Wo) YWy — Wa)(Wy — Wa)*(Wy + Wa) * < T
and thus V = (W + Wo) L (W — Wa) satisfies VV* < I. Summarizing, we have
1
[ Wy Way } 25 [ Wi+ Wo+Wy =Wy Wi+ Wy — Wi+ Wsy ]
1

2(W1+W2)[I+V I*V]

Defining S := 1(W; + W), we have shown the representation (7.49). O
Lemma 7.3.2. Suppose that the n x 2n matric W can be written in the format of

equation (7.49), i.e., W =S[I+V I —V] with S and V square matrices, and S
invertible. Then the kernel of W equals the range of [_I;_VV]

Proof. Let [31] be in the range of [_I;_VV]. By the equality (7.49), we have that

WH;}S[HV I—V]{xl}

)

I1-V
—S[I+V I-V] [ o }eo.
Hence the range of [ ! ;_VV] lies in the kernel of W. The conditions on W imply
that rk W = n, and so the kernel of W has dimension n. It is sufficient to show
that the 2n x n-matrix [ I ;_VV] has full rank. If this is not the case, then there is
a non-trivial element in its kernel. It is easy to see that the kernel consists of zero
only, and thus we have proved the lemma. ]

7.4 Exercises

7.1. Consider the transmission line on the spatial interval [a, b]:

Q) 0 ¢
2t Y= "5 T (7.52)
¢ . 0QGY
o &0 ="ac e
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Here Q((,t) is the charge at position ¢ € [a,b] and time ¢ > 0, and ¢((, t) is
the (magnetic) flux at position ¢ and time ¢. C' is the (distributed) capacity
and L is the (distributed) inductance.

V(a) : ____ - (; V(b)
I(a)
(a) 7 1)

a

Figure 7.2: Transmission line

The voltage and current are given by V = @Q/C and I = ¢/L, respec-
tively. The energy of this system is given by

1 (G t)? | QIGt)?
E(t) = 5 / Lo T 0 dc. (7.53)

Formulate the transmission line as depicted in Figure 7.2 as a port-Hamilton-
ian system, see Definition 7.1.2.

7.2. Consider the operator A defined by (7.31) and (7.32) associated to a port-
Hamiltonian system, that is, the assumptions of Definition 7.1.2 are satisfied.
Furthermore, assume that Wg is a full rank n x 2n matrix.

Show that the following are equivalent:
(a) A is the infinitesimal generator of a unitary group on X.
(b) Re(Ax,z)x =0 for all x € D(A).
(c) WpEW} =0.

7.3. Let L?([a,b];K™) be the standard Lebesgue space with its standard inner
product.

Consider the operator A defined by (7.31) and (7.32) with Wp a full
rank n X 2n matrix satisfying WX W > 0. Further we assume that the as-
sumptions of Definition 7.1.2 are satisfied. Show that A generates a strongly
continuous semigroup on L?([a, b]; K™). Is this semigroup a contraction semi-
group?

7.4. Consider coupled vibrating strings as given in the figure below. We assume
that the length of all strings are equal. The model for every vibrating string
is given by (1.13) with physical parameters, pi, 11, p11, etc. Furthermore, we
assume that the three strings are connected via a (mass-less) bar, as shown
in Figure 7.3. This bar can only move in the vertical direction. This implies
that the velocity of string I at its right-hand side equals those of the other
two strings at their left-hand side. Furthermore, the force of string I at its
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II

III

Figure 7.3: Coupled vibrating strings

right-end side equals the sum of the forces of the other two at their left-hand
side, i.e.,
dwnny

a¢

aw[ 8wn
¢ a¢
As depicted, the strings are attached to a wall.

T1(b) o~ (b) = Tir(a) —=(a) + Tii(a) ().

(a) Identify the boundary conditions for the system given in Figure 7.3.

(b) Formulate the coupled strings as a port-Hamiltonian system (7.17) and
(7.25). Furthermore, determine the energy space X.

(c¢) Show that the differential operator associated to the above system gen-
erates a contraction semigroup on the energy space X.

In this exercise we show that a second order differential equation associated
to a Sturm-Liouuville operator determines a port-Hamiltonian system. The
Sturm-Liouville operator is the differential operator Asy, on L?(a,b) given
by

1 d , dh
Asih = — (=20 4 qh
where w € C([a,b]), p € C([a,b]) and ¢ € C([a,b]) are real-valued functions

with p(¢) > 0 and w(¢) > 0 for every ¢ € [a, b]. We define the domain of Agy,
as follows:

D(Asy) = {h € L*(a,b) | h, % are absolutely continuous,
d*h dh
d_Cg € L2(a7 b)a 51}1(&) + 71%(0“) = 07 and
dh
fa(t) + G 0) =0 |

where we suppose that S, 82,71, and 2 are real constants satisfying 81| +
|’)/1| > 0, and |62| + |’YQ| > 0.

Assume now that ¢ is identically zero.
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(a) Write the second order differential equation

9?h

o~ Asih

as a port-Hamiltonian system. What is the energy space?
Hint: See Example 7.1.1.

(b) Determine necessary and sufficient conditions on the constants £1, 82,
1, and o such that Agy generates a contraction semigroup on the
energy space.

7.5 Notes and references

In this chapter we closely follow the article [36] by Le Gorrec, Zwart, and Maschke,
although we present a new proof of Theorem 7.2.4. Strangely enough the class of
linear, first order port-Hamiltonian systems has not been studied before within
the infinite-dimensional system theory community. This class was introduced us-
ing the language of differential forms in van der Schaft and Maschke [57]. Although
the class of linear, first order port-Hamiltonian systems was not studied within
systems theory, one may find results on a strongly related class of operators in
the literature, for instance in [19]. In [19], the authors are mainly interested in
self-adjoint extensions of symmetric operators, that is, the question is to deter-
mine those boundary conditions for which an operator is self-adjoint. Note that
the multiplication of a self-adjoint operator by i is a skew-adjoint operator. Skew-
adjoint operators are the infinitesimal generators of unitary semigroups, see Re-
mark 6.2.6. In order to apply results from [19] we have to multiply the operators
by ¢. The result formulated in Lemma 7.2.3 for Banach spaces can be traced back
to Gustafson and Lumer [20]. However, we present a more direct proof for the
Hilbert space situation.



Chapter 8

Stability

This chapter is devoted to stability of abstract differential equations as well as
to spectral projections and invariant subspaces. One of the most important as-
pects of systems theory is stability, which is closely connected to the design of
feedback controls. For infinite-dimensional systems there are different notions of
stability such as strong stability, polynomial stability, and exponential stability. In
this chapter, we restrict ourselves to exponential stability. Strong stability will be
defined in an exercise, where it is also shown that strong stability is weaker than
exponential stability. The concept of invariant subspaces, which we discuss in the
second part of this chapter will play a key role in the study of stabilizability in
Chapter 10.

8.1 Exponential stability

We start with the definition of exponential stability.

Definition 8.1.1. The Cy-semigroup (7'(t)),~, on the Hilbert space X is ezponen-
tially stable if there exist positive constants M and « such that

IT(#)] < Me™**  fort > 0. (8.1)

The constant « is called the decay rate, and the supremum over all possible val-
ues of « is the stability margin of (T'(t));>0; this is minus its growth bound (see
Theorem 5.1.5).

If (T'(t))e>0 is exponentially stable, then the solution to the abstract Cauchy
problem
&(t) = Az(t), t >0, z(0) = o, (8.2)

tends to zero exponentially fast as ¢ — co. Datko’s lemma is an important criterion
for exponential stability.
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Lemma 8.1.2 (Datko’s lemma). The Cy-semigroup (T'(t)),~, on the Hilbert space
X is exponentially stable if and only if for every x € X there holds

/OOo |7 (t)x||* dt < oo. (8.3)

Proof. The necessity is obvious, so suppose that (8.3) holds. Now Theorem 5.1.5
implies that there exist numbers M > 0 and w > 0 such that
|T ()] < Me**  for t > 0. (8.4)
Thus for every n € N the operator Q,,, defined by
(Qna)(t) == Lo, (1) T'(t)z,

is a bounded linear operator from X to L?([0,00); X). (8.3) implies that for every
x € X the family {@Q,z,n € N} is uniformly bounded in n, and thus by the
Uniform Boundedness Theorem, it follows that

1Qull < (8.5)

for some v independent of n.
For 0 <t <1, we have that ||T(t)|| < Me“* < Me“. For t > 1, we calculate

1— 672wt

t
Lo ey = / 29 | T (1) | *ds
2w 0

t
< [ BT PIT(E - s)alds
0
t
< M2/ |T(t — s)x||*ds using (8.4)
0
t
=222 [ [T ()alds < A2 el
0

where we used (8.5). Thus for some K > 0 and all ¢t > 0, we obtain
1Tl < K

and, moreover,
t
AT Oal = [ I7)sPds
Ot
< [ IT@IRITGE = 9alfds < K*92al* using (85)

Hence
Y
T < —,
T <=3
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which implies that [|7'(7)[| < 1 for a sufficiently large 7. Consequently, log(||7'()]|)
< 0, and thus by Theorem 5.1.5 there exist M, o > 0 such that

IT®)] < Me—* for all ¢+ > 0. O

Lemma 8.1.2 can be used to prove a Lyapunov-type result, which will be of
use in establishing stability of the abstract differential equation.

Theorem 8.1.3. Suppose that A is the infinitesimal generator of the Cy-semigroup
(T(t));~ on the Hilbert space X. Then the following are equivalent

1. (T'(t)),>q is exponentially stable;
2. There exists a positive operator P € L(X) such that

(Az, Pz) + (Px, Az) = —(x,x) for all x € D(A). (8.6)

3. There exists a positive operator P € L(X) such that

(Az, Pz) + (Px, Az) < —(x, ) for all x € D(A). (8.7)

Equation (8.6) is called a Lyapunov equation.

Proof. 1 = 2: Since (T'(t)),~, is exponentially stable, the following operator is
well defined B

<2131,PI2> = /OOO<T(t)I1,T(t)£ZZ2> dt. (88)
Since

(1, Paa)]| < / T (E)a || T () |t < / M2y | ot
0 0

2
= Sllaallleal,

P is bounded. Furthermore,
(z, Px) = / |T(s)x|*ds > 0
0
and (z, Px) = 0 implies that | T(t)z|| = 0 on [0, co) almost everywhere. The strong

continuity of (7'(t));>o implies that z = 0. Thus P > 0. It remains to show that
P satisfies (8.6). Using (8.8), we have for z € D(A)

(Az, Pz) + (Px, Az) = /0 () Aw, T(H)) + (T(8)2, T(t) Ax) dt

[ AT (), T ()
—/0 Tdt—O— (x,x),
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where we have used the exponential stability of (T'(t)),~,. Thus P defined by (8.8)
is a solution of (8.6). -
2 = 3 is trivial, and thus it remains to prove 3 = 1: Suppose that there exists a
bounded P > 0 such that (8.7) is satisfied. We introduce the following Lyapunov
functional:

Vt,x) = (PT(t)x, T(t)x).
Since P is positive, V(¢,x2) > 0 for all ¢ > 0. For x € D(A), we may differentiate
V to obtain by (8.7)

%(t,x) = (PAT(t)z, T(t)x) + (PT(t)x, AT (t)x) < —||T(t)z|*.

Integration yields
t
0< V(ta) <V(.) — [ T(5)alds

0
and hence
t

/ | T (s)z||*ds < V(0,2) = (Px,x) for all ¢ > 0 and = € D(A).

0

This inequality can be extended to all z € X, since D(A) is dense in X. In other
words, for every x € X we have that

/ IT(s)z|%ds < (Pz,z) < oo
0

and Datko’s Lemma 8.1.2 completes the proof. g

In finite dimensions, one usually examines exponential stability via the spec-
trum of the operator. However, this is not feasible in infinite dimensions. While

the inequality

sup Re(A\) < lim l()gntﬂ = wy (8.9)

AEa(A) T tooo
always holds (Proposition 5.2.4), one need not necessarily have equality. For an
example we refer the reader to [62] or [10, Example 5.1.4]. Although the location of
the spectrum is not sufficient to determine the stability, the uniform boundedness
of the resolvent operator is sufficient.

Theorem 8.1.4. Let A be the infinitesimal generator of the Co-semigroup (T'(t)),~,
on the Hilbert space X. Then (T(t))tzo is exponentially stable if and only if

(I — A)~t € H®(L(X)).

The definition and properties of the spaces H*(£(X)) and H?(X) can be
found in Appendix A.2.
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Proof. Necessity. By assumption, we know that the Co-semigroup satisfies ||7'()||

< Me®* for some w < 0. Proposition 5.2.4 implies that C§ := {s € C | Re(s) > 0},
the closed right-half plane, is contained in the resolvent set of A and, furthermore,

for s € Cf

M M
I A< —"T <=
16T =7 < o =5 < =

Combining this with Proposition 5.2.4.3, we conclude that (-I—A)~t € H*(L(X)).

Sufficiency. Suppose that the Cy-semigroup satisfies ||T(t)|| < Mel“=9)t for some
positive constants M, w and e. It is easy to see that e “ T(-)x is an element
of L2([0,00); X) for every z € X. Furthermore, the Laplace transform of ¢ —
e~ “'T(t)x equals s — ((s+w)I —A) "'z (see Proposition 5.2.4). The Paley-Wiener
Theorem A.2.9 implies

(- +w)I — A) 'z € H2(X).

Now, by assumption, (-] —A)~! € H®(L(X)), and by Theorem A.2.10.2 it follows
that
(I —A) " (-+wl—-A)"trec H}(X).

Using the resolvent equation, we conclude that (-I — A)~ 'z € H?(X), since
(I-A)"z=((+w-A 2 +w(-I-A) " (+w)l-A)" 2 (8.10)

However, the Laplace transform of ¢t — T'(t)x is s — (sI — A)~'z and thus by
the Paley-Wiener Theorem A.2.9, we have that T'(-)x € L?([0,00); X). Finally,
Lemma 8.1.2 shows that (7'(t)),>, is exponentially stable. O

8.2 Spectral projection and invariant subspaces

In this section, we discuss various invariance concepts and study the relationships

between them. First we define T'(t)-invariance.

Definition 8.2.1. Let V be a subspace of the Hilbert space X and let (T'(t)),-, be

a Cp-semigroup on X. We say that V' is T'(¢)-invariant if for all ¢ > 0 B
TV CV.

Since x(t) = T(t)xo is the solution of (8.2) we see that T'(t)-invariance is
equivalent to the fact that the solution stays of (8.2) in V' when the initial condition
lies in V.

Definition 8.2.2. Let V be a subspace of the Hilbert space X and let A be an
infinitesimal generator of a Cy-semigroup on X. We say that V' is A-invariant if

AV N D(A)) C V.
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For finite-dimensional systems, it is well known that a (closed) subspace is
T'(t)-invariant if and only if it is A-invariant, where A is the infinitesimal generator
of T(t) = e, t > 0. This result generalizes to bounded generators A, see Exercise
8.4. However, this results does in general not hold for infinite-dimensional systems,
see [63]. However, we do have the following partial result.

Lemma 8.2.3. Let V' be a closed subspace of X and let A be the infinitesimal
generator of the Co-semigroup (T(t))i>o. If V' is T(t)-invariant, then V is A-
tmovariant.

Proof. Let v be an arbitrary element in V' N D(A). Then Definition 5.2.1 implies

1
ltli(r} E(T(t) —Iv = Av.

By assumption, 1(7'(t) — I)v is an element of V' for every ¢ > 0. Thus, since V is

closed, the limit is also an element of V' and therefore Av € V. O

Whether or not a Cy-semigroup has a nontrivial T'(¢)-invariant subspace is a
fundamental question. If the spectrum of A consists of two or more regions, then
this question can be answered positively, as shown in the following theorem.

—

Figure 8.1: Spectral decomposition

Theorem 8.2.4. Let A be a closed densely defined operator on X . Assume that the
spectrum of A is the union of two parts, o+ and o=, such that a rectifiable, closed,
simple curve I' can be drawn so as to enclose an open set containing o in its
interior and o~ in its exterior. The operator, Pr, defined by

_ 1 ~1
Prxz = 57 F(/\I — A)" wd, (8.11)
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where T is traversed once in the positive direction (counterclockwise), is a projec-
tion. We call this projection the spectral projection on o™ . This projection induces
a decomposition of the state space

X=X"® X", where XT = PrX, and X~ = (I — Pr)X. (8.12)

Moreover, the following properties hold:

1. For x € D(A) we have PrAx = APrx. Furthermore, for all s € p(A) we
have (sI — A)~'Ppr = Pp(sI — A)~ 1.

2. The spaces X and X~ are A-invariant, and for all s € p(A) there holds
that (sI — A)7' X+ C XT and (sI — A)7'X~ C X

3. PrX C D(A), and the restriction of A to X+, AT is a bounded operator on
X+,

4. 0(A*) = ot and 0(A™) = o=, where A™ is the restriction of A to X ™.
Furthermore, for A € p(A) we have that (M — AT)™L = (A — A)7|x+ and
(= A7) = 1 = 2) -

5. If o consists of only finitely many eigenvalues with finite order, then Pr
projects onto the space of generalized eigenvectors of the enclosed eigenvalues.
Thus we have that

ran Pr = Z ker(\, I — A)¥(™) = Z ker(\, — AT)(™),

An€ct An€ot

where v(n) is the order of A\ ;

6. If o = {\,} with A, an eigenvalue of multiplicity 1, then

Prz= <van>¢n7

where ¢y, is the eigenvector of A corresponding to An and ¢y, is an eigenvector
of A* corresponding to A, with (¢n,¥,) = 1.

The order of an isolated eigenvalue \g is defined as follows. We say that A\ has
order vy if for every x € X limy_,, (A—Xo)"° (A —A) !z exists, but there exists an
xo such that the limit limy_,x, (A —Xo)"* "1 (A — A) "1z does not exist. If for every
v € N there exists an 2, € X such that the limit limy_,x, (A — Xg)" (M — A) "1,
does not exist, then the order of A\ is infinity.

An eigenvalue X has multiplicity 1, if the order is 1, and if dim ker(AI—A) = 1.

Proof. Since the mapping A — (M — A)~! is uniformly bounded on I', Pr is a
bounded linear operator on X. For s € p(A) we have that

(s — A)'Pra = 2i (sI — )Y (AT — A)"'zd\ = Pr(sI — A)le. (8.13)
™ Jr
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Using the resolvent identity for the middle term we find, for s € p(A) and outside
r

)

1 f(sIfA)’lx (M- A1z
I—A) 'Pro=—
(s )" Pz = 271 s— A + s— A dA
1 M —A) 1z

by Cauchy’s residue theorem.

Using this relation we show that Pr is a projection. Let I be another recti-
fiable, simple, closed curve enclosing o+ counterclockwise that encircles I' as well.
Then by standard complex analysis and the fact that (sI — A)~! is holomorphic
between the two curves we have that Pr is also given by

1
Pro=g— | (AT —A) 'zd\.

™ Jrr
Hence, with (8.14) we obtain

1
PrPrz = — (sI — A)" ' Prads
27

1,
= / / (W= A)7 d/\ds
277@ , 27 - A

= / / ds M — A7t by Fubini’s theorem
277@ 27t Jpro s —

= A — A d\=P
2mi F( ) v e

where we used Cauchy’s theorem. Thus Pr is a projection. This immediately
implies that X := PrX and X~ := (I — Pr)X are closed linear subspaces and
X = X1t @ X~. Now we prove part 1 to 6.
Parts 1 and 2. By (8.13) it follows that Pr commutes with the resolvent operator,
and hence also APr = PrA on the domain of 4. So X* = ran Ppr and X~ =
ran(I — Pr) are A- and (sI — A)~l-invariant, i.e., (sI — A)~' X+t c X+, (sI —
AIX-cXx.
Part 3. We show that PrX C D(A). For A, s € p(A) it holds that (sI — A)(A —
A)7t = (s = A\)(M — A)~! + I. Therefore, for z € X we obtain

(sI — A)”% /F(s — N (M — A)"tzd)

(sIA)1<21 /F(sI AYT — A) xd/\—/xd/\>

)

— o [T A T AT - A A= Pr (819
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(8.15) holds for any z € X, and so X = PrX C D(A). Since X is A-invariant,
Al x+ is well-defined. A|x+ is closed, since A is closed. Now A7 is defined on the
whole space X, and thus by the closed graph theorem AT is bounded on X .

Part 4. Let s be an element of C that does not lie on I'. We define

1 (M —A)~ 'z
Quri= g [ F

It is easy to see that this operator commutes with the resolvent, and similarly as
in part 1 and 2 we find that

QsPr = PrQ; and AQs = QsA on D(A). (8.16)

From the first relation, we conclude that X+ and X~ are Q,-invariant.
For s # X\ we have that

1 1
I-AWN-A) = -A)"" I.
(5T = AT = A) = (= A)
Thus for z € D(A) and s ¢ T
1 (s — A)Y(N — A)~ 1tz 1
I1-A)Qsx = — d\=P — dX. (8.1
(s Qs 27Ti/r s—A FbTJer’ Fs—)\x (8.17)

For s outside I' and x € X T, we get
(sI — AN)Qqx = (s — A)Qsx = Prx =z,

where in the first equality we have used that @, maps X into X ™. Since Q,
commutes with A, we find

(sI — AN)Qs = Qs (s — A1) = Ix+. (8.18)
Similar, we find, for s inside T,
(sI-A7)Qs = Ix- and Qs(sI—A7 )z =z forxz € D(A™)=D(A)NX". (8.19)

Thus any s outside I" lies in the resolvent set of A", and any s inside I lies in the
resolvent set of A™.

On the other hand, the A- and (sI — A)~!-invariance of X and X ~, see
part 1 and 2, gives that

p(A) = p(AT) N p(A7), and (equivalently) o(A) = o(AT)Ua(A7).  (8.20)

Indeed if A € p(A) then by part 2 (Al — A)~" maps X T into X . Thus (A\[x+ —
AFTYA — A)~Y x+ is well defined and

(Mx+ — AN = A)xr = (M — AN — A) 7 Hx+ = Ix+.
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On the other hand, on X+ we have that
M = A) 7 x+r M xs —AT) = (M — A) 7 x e (A — A)|x+
=\ — A\ = A)|x+ (by part 2)

= Ix+.

So p(A) C p(AT) and (AT — A)~Yx+ = (M x+ — AT)~L. Similarly, we can show
that p(A) C p(A~) and (A — A)~|x- = (M[x- — A7)~L. Thus we deduce that
p(A4) C p(A*) N p(A7).

If s € p(AT)Np(A™), then by using the following decomposition for z € D(A),

(sI — A)z = (sI — AT)Prax+ (sl — A7)(I — Pr)z, (8.21)

it is easy to see that (sI — AT)"'Pr + (sI — A7)71(I — Pr) is the inverse of
(sI — A). Thus (8.20) is proved.

By definition, we have that o(A) = o+ U o ™. Furthermore, we showed that
ot C p(A7) and 0~ C p(A™). Combining this with (8.20) we find o(AT) = ot
and 0(A7) =o0".

Part 5. We may write o = {1, \2,..., Ay }. By standard complex integration
theory we have that

1
Pro=— [ (A — A)!
rT 5 /F()\ )" xdA

N 1 N
=) — M —A)"ledh=> P
,;m/m( )i = 3 P

where I';, is a rectifiable, closed, simple curve enclosing only A,. Thus it suffices to
prove the assertion for the case that o = {\,}, where )\, is an eigenvalue with
finite order v(n). We do this for the generic case v(n) = 1; the general case can
be found in [10]. Let T" denote the rectifiable, simple, closed curve that encloses
counterclockwise only one point A, in the spectrum of A.

First we prove that ran Pr C ker(\,I — A). For z € X and s € p(A) we have

1
(An — 8)Pro = — [ (\y — 8)(AI — A) " tzdA. (8.22)
2mt Jr
Multiplying (8.15) from the left by (sI — A) and adding (8.22) yields
1
Ol — A)Praz = — | (= MM — A)LzdA.
2mt Jp

This last expression is zero, since (A, —-)(-I — A) ™'z is holomorphic inside I". This
proves ran P C ker(\,I— A); to prove the other inclusion note that (\,I—A)zg =
0 implies that (A\] — A)"tzg = zo. This implies

1
A—An

1 1 1
P["l}() = 2—7” F(/\I — A)il’l,’()dA = 2—7” /F )\_—)milf()dA = X0.-
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Part 6. In part 5 we showed that Pr maps onto the span of ¢,,. Hence Prz =
h(z)¢n, where h is a function from X to C. Since Pr is a bounded linear operator,
it follows that h is an element of £(X, C). From the Riesz Representation Theorem
it follows that h(z) = (z, ¢y, ) for some 9, € X. Consider now for € D(A),

<va*¢n>¢n = <A$71/)n>¢n = PrAx
= APrz = A<(£,ﬂ)n>¢)n = <x7x¢n>¢n

Since this holds for every 2 € D(A), we conclude that A*t,, = \,1,,. Furthermore,
using the fact that Pr¢,, = ¢, it follows easily that (¢, ¥,) = 1. O

Theorem 8.2.5. Let A be the infinitesimal generator of the Cy-semigroup (T'(t)),~,
on X. Assume that the spectrum of A is the union of two parts, o= and o~ as in
Theorem 8.2.4. Then X and X~ are T(t)-invariant and (TT(t)),~¢, (T~ (t));>0
with TT(t) = T(t)|x+, T~ (t) = T(t)|x- define Co-semigroups on X and X,
respectively. The infinitesimal generator of (T+(t)),~, is AT, whereas A~ is the
infinitesimal generator of (T~ (t)),~- -

Proof. Since (\[ — A)~'T(t) = T(t)(M — A)~! for all A € p(A) and t > 0, it
follows that Pr commutes with T'(¢). Then it is easily proved that X+ and X~ are
T'(t)-invariant. Consequently, (77 (t)),so and (T (t)),~o with T7(¢) = T(t)|x+,
T—(t) =T(t)|x- are Co-semigroups on X+ and X, respectively.

We shall only prove that A~ is the infinitesimal generator of (7'~ (¢))>0, as

T~ ()z—z

the proof for (T (t))i>0 is very similar. Suppose that lim exists for

t—0+
x € X~. Since T~ (t)x = T(t)x we conclude that x € D(A) and hence z is an

element of D(A™). By definition, the limit equals Az = A~ . On the other hand,
if v € D(A7), then « € D(A) and so the limit exists and equals A~xz. Combining
these results the infinitesimal generator of (7' (¢));>0 is A~. O

We combine the previous theorem with Theorem 8.1.4 to find a sufficient
condition guaranteeing that (7'~ (¢)), is exponentially stable.

Lemma 8.2.6. Let A be the infinitesimal generator of the Co-semigroup (T'(t)),~,
on X. Assume that the spectrum of A is the union of two parts, ot and o~ , such
that ot C C3 = {s € C | Re(s) > 0}, 0~ C C; = {s € C | Re(s) < 0}, and
that a rectifiable, closed, simple curve I' can be drawn so as to enclose an open set
containing ot in its interior and o~ in its exterior. Assume further that

sup (sT — A) 7| < . (8.23)

sE(Car ,S outside I

Then the semigroup (T~ (t)),~o = (T'(t)|x-);>¢ s exponentially stable, where X~
is the subspace of X associated to o~ , see (8.12).
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Proof. By Theorem 8.2.5 the infinitesimal generator of (T'(t)|x-),~, equals A~.
The spectrum of A~ lies outside I', see Theorem 8.2.4.4. Since the interior of T’
is a bounded set, and since the resolvent is holomorphic on the resolvent set, we
find that

sup ||(sT — A7) < oo (8.24)

s inside I'
Furthermore, for 2= € X~ and s € CJ outside I', we have that
(s — A"t = (sI — A) " ta.

Combining this with (8.23) and (8.24) gives that the resolvent operator of A~ is
uniformly bounded on Cg, and by Theorem 8.1.4 we conclude that (T~ (t)),s is
exponentially stable. 0

8.3 Exercises
8.1. In this exercise we introduce a different concept of stability, and show that
it is weaker than exponential stability.

Definition 8.3.1. The Cy-semigroup (7'(¢));>0 on the Hilbert space X is
strongly stable if for every x € X, T(t)xz converges to zero as t tends to
00.

Let X be the Hilbert space L?(0,00) and let the operators T'(¢) : X —
X, t >0, be defined by

(T Q) = ft+ Q).
a) Show that (T'(¢)):>o0 is a Cy-semigroup on X.
b) Prove that (T'(t)):>0 is strongly stable, but not exponentially stable.

8.2. A natural question is whether the following condition is sufficient for strong
or exponential stability,

(Az,x) + (x, Az) < 0, for all x € D(A) \ {0}. (8.25)
In this exercise we show that this does not hold in general.

Let X be the Hilbert space L%(0,00) equipped with the inner product

()= [ £QTQe + 1,
0
and let the operators T'(t) : X — X, ¢ > 0, be defined by

f(Cft)a C>t7

GONIGES {0 ol
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a) Show that (T'(¢)):>0 is a Co-semigroup on X.
b) Prove that (T'(t));>0 is not strongly stable.

c¢) Prove || T (t2)z|| < [|T(t1)z|| for all z € X \ {0} and t5 > ¢; > 0.
d) Show that the infinitesimal generator of (T'(t));>0 is given by

daf

Af =3

f==3 c

with domain

D(A) ={f € X | f is absolutely continuous, Z—‘Z € X, and f(0) = 0}.

Hint: See Exercise 6.3.b.
e) Use the previous item to prove that (8.25) holds.

Let @ be a bounded, self-adjoint operator on the Hilbert space X which
satisfies @@ > ml, for some m > 0. Let A be the infinitesimal generator of a
strongly continuous semigroup on X which satisfies the Lyapunov inequality

(Az, Qz) + (Qx, Az) <0, x € D(A).

Show that there exists an equivalent norm on X such that A generates a
contraction semigroup with respect to this new norm.

Let A be a bounded operator on the Hilbert space X, and let V be a closed
linear subspace of X. Show that V' is T'(t)-invariant if and only if V' is A-
invariant.

Let A be the infinitesimal generator of the Co-semigroup (7'(t)),, and let

V be a one-dimensional linear subspace of X. Show that V is T'(¢)-invariant
if and only if V' = span{¢} with ¢ an eigenvector of A.

Hint: You may use the following fact: If a continuous scalar function f
satisfies f(t + s) = f(t)f(s) for t,s € (0,00), then f(t) = e* for some \.

8.4 Notes and references

Exponential stability is one of the most studied properties of semigroups, and
therefore the results in the first section can be found in many books, we refer to
chapter 5 of Curtain and Zwart [10] or chapter V of Engel and Nagel [15]. The
characterization as presented in Theorem 8.1.4 originates from Huang [26]. The
relation between T'(¢)- and A-invariance is studied in [45], [63], see also [10]. Spec-
tral projections play an important role in many subfields of functional analysis,
and thus the results as formulated in Theorem 8.2.4 can be found at many places,
see [10, Lemma 2.5.7] or [18, Theorem XV.2.1].



Chapter 9

Stability of Port-Hamiltonian
Systems

In this chapter we return to the class of port-Hamiltonian partial differential equa-
tions which we introduced in Chapter 7. If a port-Hamiltonian system possesses
n (linearly independent) boundary conditions and if the energy is non-increasing,
then the associated abstract differential operator generates a contraction semi-
group on the energy space. This chapter is devoted to exponential stability of
port-Hamiltonian systems. Exercise 8.2 implies that the condition

(Az,z) + (x,Ax) <0, xz € D(A),z #0, (9.1)

is in general not sufficient for strong stability of the semigroup generated by A.
However, in this chapter we show that if a weaker but more structured condition
than (9.1) holds with respect to the energy inner product for a port-Hamiltonian
system, then the port-Hamiltonian system is even exponentially stable, see Theo-
rem 9.1.3.

9.1 Exponential stability of port-Hamiltonian systems

We start with a repetition of the definition of homogeneous port-Hamiltonian
systems as introduced in Section 7.1. Moreover, we equip the port-Hamiltonian
system with boundary conditions, that is we study differential equations of the
form

ox 0
5760 = Pla—C(H(C)fE(C,t)) + Fo (H(¢)z (¢, 1)) (9.2)
with the boundary condition
fa(t)
W, =0, 9.3
B |: e (t) ( )
B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 111
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where

[ Fa(t) } 1 [P1 Pl} [ H(b)z(b,t) } (9.4)

eot) | V2T I H(a)x(a,t)

We assume that the following conditions hold, see Definition 7.1.2 and Theorem
7.2.4.

Assumption 9.1.1.
e P € K™*" is invertible and self-adjoint;

e Py € K=" ig skew-adjoint;

H € C([a, b]; K™*™), H(C) is self-adjoint for all ¢ € [a,b] and mI < H(¢) <
MT for all ¢ € [a,b] and some M, m > 0 independent of ;

o Wp € K"*2" has full rank;

WEWS >0, where ¥ =[]

We note that Assumption 9.1.1 is slightly stronger than the assumptions
used in Chapter 7 as we did not assume that H is continuous differentiable in
Chapter 7. However, we would like to remark that our main theorem (Theorem
9.1.3) also holds if Py satisfies Py + Py < 0. Throughout this section we assume
that Assumption 9.1.1 is satisfied. Theorem 7.2.4 implies that the operator A given
by

Az = Pldi( (Hx) + Py (Hx) (9.5)
with domain
D(A) = {z € L*([a,b;K") | Hz € H'([a,b;K"), Wp [[2] =0} (9.6)

generates a contraction semigroup on the state space
X = L*([a, b]; K") (9.7)

equipped with the inner product

1 b
fa)x =3 [ 9O QA 99)
The associated norm is denoted by || - || x.

In the following lemma, we show that the norm/energy of a state trajectory
can be bounded by the energy at one of the boundaries. This result is essential for
the proof of exponential stability of port-Hamiltonian systems. The proof is based
on an idea of Cox and Zuazua in [8].
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Lemma 9.1.2. Let A be defined by (9.5) and (9.6), and let (T'(t)),~, be the con-
traction semigroup generated by A. Then there exists constants T > 0 and ¢ > 0
such that for every xo € D(A) the state trajectory x(t) := T(t)xo satisfies

||z(T ||X<c/ | H(b)x(b, t)||? dt and (9.9)
o)k < e / M (a)z(a 1) dt. (9.10)

Proof. Let xy € D(A) be arbitrary and let x(t) := T(t)zo, t > 0. zg € D(A)
implies that x(t) € D(A) for all t. Furthermore, x is the classical solution of (9.2)
with 2(0) = . In the following we write x(¢,t) instead of (x(¢))(¢).

For this trajectory, we define the function F : [a,b] — R by

T—v(b—¢)
F(O) = / 2 (GOHORC ) dt, ¢ € [ab), (0.11)
v(b—¢)

where we assume that v > 0 and 7 > 29(b — a). The second condition implies in
particular 7 — (b — ¢) > (b — (), that is, we are not integrating over a negative
time interval. Differentiating the function F' gives

dF T—7(b—¢) i 9
Fo=[, . e t)—é%(@x(@t»dt

T—=7(b=¢)
+[y(b<) (—x(,)’H dt
+ 72" (¢ (b — O)YH(Qz(¢ (b = ()
+ 92" (¢ 7 = v(b = O)H(z((, 7 — (b — Q).

Since P is invertible and since x satisfies (9.2), we obtain (for simplicity we omit
the dependence on ¢ and t)

dF T—7(b=C) Lo (O
d_C(o = [/(bc) x* P (8 Po’Hx>

T (6=0) or dM *
+/ (Pl— — ——x— PP Hx) xdt
3(b=C) Lot dC v

+ 727 (G 7 = (b = O)H(Qz((, 7 = (b= ()
+ 727 (6 (b = O)H(Q)z(¢ v (b = C))

T—y(b—¢) * T=y(=C) g
:/ g:*Pﬁ@ Lo Pflo:dtf/ o
7(6=0) ot ot

7=y (b—=0)
- / o (HPy P+ PU PyH) wdt
7(6—0)
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+ 2" (¢, 7 = v(b = O)H(x((, 7 — (b))
+y2*(¢,v(b — Q) H(O)x (v (b = ()

where we have used that P = P, H* = H. The first integral can be calculated,
and so we find

ar - t=r—a-) [T an
— ()= (P ()] — r*—— xdt
d¢ ! t=y(b—¢) S b—0) dc
T—=y(b=¢)
/(b 5 ot (HPy P+ P PyH) xdt
(b

+ 72" (C, 7 = y(b = O)H(2((, 7 —v(b— ()
+ 72" (¢, (b = Q) H(C)z(C,v(b = ))

B Ty (=) I . dn

L(bo 2 (HPOP1 PR+ d<>xdt
+ 25 (¢ —v(b =) (P + M) 2(¢ T = y(b =)
+27 (¢ (b= Q) (=Pt +H(Q) x(¢,v(b = Q).

We now choose v large enough, such that P, 4 yH and fPfl +~H are coercive
(positive definite). Note that 7 > 2v(b — a), and thus a large constant v implies
that 7 must be large as well. Using the coercivity of Pfl + ~vH and —Pl_1 +YH,
we find that

T—=v(b—0)
d—F(C) > */ o (HP;P;Y + P PoH + Y
dg Y(b—C) d¢

Since P, and Py are constant matrices and, by assumption, %(C) is bounded,

there exists a constant £ > 0 such that for all { € [a, b] we have

HOPE P + PUUPM(C) + % < KH(O).

Thus, for all ¢ € [a, b] we obtain

dF T—7(0—¢) . B
FOz = [ S CoHOCnd = s PQ, 01

where we used (9.11). For simplicity, we denote the derivative of F by F’. Inequal-
ity (9.12) implies, for all {; € [a, b],

b F,(C) B b
/1 O ¢ > /<;/ 1dc, (9.13)

1

or equivalently

In(F(b)) = (F(G)) > =~ (b= G). (9.14)
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Thus we obtain
F(b) > F(G)e ") > F(¢) e ™) for ¢ € [a,b]. (9.15)

On the other hand, since ||z(t2)||x < ||z(t1)||x for any to > ¢1 (by the
contraction property of the semigroup), we deduce that

) , L [T
/ WﬁmxﬁZHﬂT*Wb*@WX/ Ldt

v(b—a) v(b—a)
= (1= 2y(b = a))||z(r —v(b— ) %-
Using the definition of F and [|z(t)|%, see (9.11) and (9.8), together with the

equation above, the estimate (9.15), and the coercivity of H we obtain

2(r = 29(b — a))[Jx(7)l% < 2(m = 29(b = a@))[la(T —7(b - a))|%

T—vy(b—a) )
<2 et de
v(b—a)

T—v(b—a)

/ (G OH(C)2(C. ) dC dt

Lo
7—(b—a)

/"/ 2 (G HQ)(C, 1) dt g

a Jy(b—a)

(by Fubini’s theorem)

b pr—(b=C)

IN

z* (¢ )H(C)z (¢, t) dt d¢
a Jyb-0)

(smce the integration interval increases)
/b ¢)d¢ < (b—a)F(b)er (=
=(b—a)er b= /0 ’ z* (b, t)H(b)x (b, t) dt
<m ' (b—a)e /OT | H(b)ax(D, 1)) dt.
Hence for our choice of 7 we have that

nx|u<c/nH £(b.)|2 dt, (9.16)

(b—a)e” (b—a)
2(t—2v(b—a))m
The second estimate follows in a similar manner by replacing the function F'

in the calculations above by

where ¢ = . This proves estimate (9.9).

N T—y(¢(—a)
GEY 2 (¢ OH(C)(C 1) d. O

v(¢(—a)
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Using this technical lemma the proof of exponential stability is easy.

Theorem 9.1.3. Let A be defined by (9.5) and (9.6). If for some positive constant
k one of the following conditions is satisfied for all xog € D(A),

(Ao, x0) x + (w0, Axo)x < —k|H(b)zo(b)||” (9.17)
(Azg, z0)x + (w0, Azo)x < —k||H(a)zo(a)|?, (9.18)

then A generates an exponentially stable Cy-semigroup.

Proof. Without loss of generality we assume that the first inequality (9.17) holds.
By Lemma 9.1.2 there exist positive constants 7 and ¢ such that (9.9) holds. Let
xo € D(A) and by (T'(t))i>0 we denote the Cp-semigroup generated by A. We
define z(t) := T(t)xo, t > 0. zo € D(A) implies z(t) € D(A) and @(t) = Ax(t),
t > 0. Using this differential equation, we obtain

d||l‘§;)||x _ d(:ﬁ(t);ltx(t»X = (Ax(t), z(t))x + (x(t)Az(t))x . (9.19)

Equations (9.17) and (9.19) now imply that

() — [2(0 >||%(f/0 Mdt

< k/ () (b, 1)) 2dt.

Combining this with (9.9), we find that

lz()I% = 2 (O)l% < _Tkllx(T)llgc-

Thus [Jz(7)[|% < 755 /2(0)]1%, which implies that the semigroup (T'(t)), gener-
ated by A satisfies || T'(7)|| <1, and therefore (T'()),, is exponentially stable by

Theorem 5.1.5. O

Estimate (9.17) provides a simple test for exponential stability of port-Ha-
miltonian systems. We note that Lemma 7.2.1 and (7.23) imply

N = N =

(Az, z)x + (2, Az)x = 5 (H(b)z(b))" PiH(b)x(b) — (H(a)z(a))” PrH(a)z(a))

(foea +epfo) . (9.20)

This equality can be used to establish (9.17) or (9.18). An even simpler sufficient
condition is provided by the following lemma.

Lemma 9.1.4. Consider the port-Hamiltonian system (9.2)=(9.3). If WgEW}, > 0,
then the port-Hamiltonian system is exponentially stable.
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Proof. Lemma 7.3.1 implies that W can be written as W = S [I +V I- V],
where S,V € K"*", S is invertible and VV* < I.
We define W = [I +V* I+ V*]. It is easy to see that with this choice,

We is an x 2n matrix with rank n. Next we prove that the matrix [ II_:"Y* _II:_“/, } is
+v  I-V

invertible. Assuming [ IV —1ev* } is not invertible, there exists a vector [a: y] #+
0 such that [x y] [Ilf‘y* fjjr“/,*] =0, or equivalently (I +V)z+ (I +V*)y =0
and (I — V)a + (=1 + V*)y = 0. These equations together with VV* < I imply
x = y = 0, and thus the matrix [ }jVV* _II;“//*} is invertible. This implies the
invertibility of the matrix [%g ]

Let € D(A) be arbitrary. The definition of the domain of A implies that

(/2] € ker Wg. Lemma 7.3.2 implies that

fo |l | I-V
[ea = e (9.21)
for some ¢ € K”. Thus with (9.20) we find
(Az,z)x + (x, Axyx = (-1 + V*V)L. (9.22)

Furthermore, we have the equality

I1-V

y::WC[Zz } =[I+V*—-I+V* ] [ Sy

} 0=2(I-V*V)l. (9.23)
Combining equations (9.22) and (9.23) we obtain
1
(Az, 2)x + (2, Az)x = 0" =T+ V*V]"ly < —may|® (9-24)

for some my > 0. Here we have used that VV™* < I, or equivalently V*V — I < 0.
Using (9.4), the boundary condition, and the definition of y the relation
between y and x is given by

2] (3 7))

Yy _E We I I H(a)z(a) H(a)z(a)

Since P; and [%g ] are invertible, it follows that the matrix W is invertible and,
in particular, [|[W w||? > ma||w||? for every w € K" and some my > 0. Taking
norms on both sides yields

= ]| = | el

Combining the estimates (9.24) and (9.25) we obtain

2

> ma > ma|[H(b)x®)[*. (9.25)

(Az,2)x + (z, Az)x < —maly|* < —mimal|(Ha)(0)]|*.

Thus (9.17) holds, and therefore Theorem 9.1.3 implies the exponential stability
of the port-Hamiltonian system. O
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Unfortunately, the sufficient condition of the previous lemma often cannot
be applied, as the condition implies that the system possesses as many dampers
as boundary controls. In practice fewer dampers are necessary as it is shown in
the example of the following section.

9.2 An example
In this section we show how to apply the results of the previous section to the
vibrating string.

Example 9.2.1. Consider the vibrating string on the spatial interval [a, b]. In Ex-
ample 7.1.1 we saw that the model is given by

32 1 9

where ¢ € [a, b] is the spatial variable, w((,t) is the vertical position of the string
at position ¢ and time ¢, T is the Young’s modulus of the string, and p is the mass
density. This system has the energy/Hamiltonian

po =3 [ o0 (%ien) +10 (o) . o

As depicted in Figure 9.1, the string is fixed at the left-hand side and at

Figure 9.1: The vibrating string with a damper

the right-hand side we attach a damper, that is, the force at this tip equals a
(negative) constant times the velocity of the tip, i.e,
0 0
T() 22 (b,t) = fka—lf(b, ), k>0 (9.28)

For this example the boundary effort and boundary flow are given by, see Example
7.2.5,
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The boundary conditions 22 (a) = 0 and (9.28) can be equivalently written as

0]- T(0)22(0) + 22 |

Gt (a)
_ L1k k1 fo | _ fo
\/5{0 ko 0}{66}1/[/3[66 , (9.30)
with WB:%[})_’%’{}J]WB is a 2 x 4-matrix with rank 2, and
. T2 0
WBZWB_[ i 0]

Since the matrix W3 W} is non-negative, the infinitesimal generator associated to
this p.d.e., generates a contractions semigroup. However, WX W7} is not positive
definite, and so we cannot used Lemma 9.1.4 to conclude that the corresponding
semigroup is exponentially stable. We will show that (9.17) holds.

Qw
As state variables we have chosen x = [pﬁ } and H is given by H({) =
¢

a1 _
©
[ "0 T(C)] By equation (9.20) we have that

(Az,x)x + (z, Az) x = %(b)T(b)%(b) _ %—?(a)T(a)g—?(a)

=—k 8—w(b) i (9.31)
B ot ’ '
where we have used the boundary conditions. Moreover, we calculate
dw 2 ow 2 ow 2
b)z(b)||* = ( —=-(b Th)=—b)) =k +1)(—=0)) . (9.32
o= (5r0) + (r05e) —w w0 (GFo) . e
Combining the two previous equations, we find that

(Az,x)x + (r, Azr)x < — | H(b)z(b)]||2. (9.33)

1+ k2

Hence using Theorem 9.1.3 we may conclude that attaching a damper at one end
of the transmission line stabilizes the system exponentially.

We remark that if the damper is not connected, i.e., k = 0, then the corre-
sponding semigroup is a unitary group, and the solution cannot be exponentially
stable.
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9.3 Exercises

9.1. Consider the transmission line on the spatial interval [a,b] as discussed in
Exercise 7.1

9Q 9 9(C,1)

e =g, (9.34)
o¢ _0Q@G1)

Here Q((,t) is the charge at position ¢ € [a,b] and time ¢ > 0, and ¢((, t) is
the (magnetic) flux at position ¢ and time t. C'is the (distributed) capacity
and L is the (distributed) inductance.

V%( ( ﬁ:v ;
I(a)
(a) 7 1)

a

Figure 9.2: Transmission line

The voltage and current are given by V' = @Q/C and I = ¢/L, respec-
tively.

We set the voltage at ( = a to zero, and put a resistor at the other end.
This implies that we have the p.d.e. (9.34) with boundary conditions

V(a,t) =0,  V(bt)=RI(b1), (9.35)
with R > 0.

(a) Show that the differential operator associated to the p.d.e. (9.34) with
boundary conditions (9.35) generates a contraction semigroup on the
energy space, see (7.53).

(b) Prove that the semigroup as defined in the previous item is exponentially
stable.

9.2. Consider a flexible beam modeled by the Timoshenko beam equations, see
Example 7.1.4. We assume that the beam is clamped at the left-hand side, i.e.,
at ( = a, and at the right-hand side we apply a damping force proportional
to the velocity. Thus the boundary conditions are

ow e D 00, 00
a(aat) =0, ot ((l,t) =0, EI(b) aC (bat) = - ot (bv t) (936)
and

K(5) (f}—‘gw, ) — (b, t)) — 0.2 0.0) (9.37)
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(a) Assume that ag,as € [0,00). Show that under these conditions the Tim-
oshenko beam associated with boundary conditions (9.36) and (9.37)
generates a contraction semigroup on its energy space.

(b) Prove that the semigroup as defined in the previous item is exponentially
stable if a; and a are positive.

(¢) Show that the semigroup as defined in the first item is not exponentially
stable if vy = 0 and o = 0.

9.3. Consider coupled vibrating strings as given in the figure below. We assume

\ﬂ
g‘\l_/—\
111

—

Figure 9.3: Coupled vibrating strings with dampers

that the length of all strings are equal. The model for every vibrating string
is given by (9.26) with physical parameters, pi, 11, p11, etc. Furthermore, we
assume that the three strings are connected via a (mass-less) bar, as shown
in Figure 9.3. This bar can only move in the vertical direction. This implies
that the velocity of string Lag’tf , at its right-hand side equals those of the
other two strings at their left-hand side. Furthermore, the force of string I
at its right-end side equals the sum of the forces of the other two at their
left-hand side. We assume that for all three waves, the connecting point is at

coordinate ¢ = a. Thus the balance of forces in the middle is given by

—TI(LL)%—lgI (a) = Tii(a) aggl (a) + Tini(a) 820211 (a). (9.38)
As depicted, at the outer points dampers are attached. Thus
8wk 8wk
T (b)—(b) = —ap—— =1II II1. .
(OFR) =~ E), k=L and (9.39)

(a) Assume that the constants oy, ay; and oy are non-negative. Show that
then the coupled wave equation of Figure 9.3 generates a contraction
semigroup on its energy space.
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(b) Prove that the semigroup as defined in the previous item is exponentially
stable if a1, arr, and agrp are positive.

9.4 Notes and references

Exponential stability of a system described by a partial differential equation is
a well-studied topic. There are numerous papers on this subject, using different
techniques. In the appendix of Cox and Zuazua [8], a simple proof is presented
showing that the wave equation with damping at one boundary as in Example
9.2.1 is exponentially stable. It is shown in [59] that this idea can be applied to all
(first order) port-Hamiltonian systems. The result as presented here follows [59].



Chapter 10

Inhomogeneous Abstract
Differential Equations and
Stabilization

In the previous five chapters we considered the homogeneous (abstract) differential
equation

(t) = Ax(t), x(0) = xo. (10.1)

However, for control theoretical questions it is essential to add an input
to the differential equation, see e.g. Chapters 3 and 4. Section 10.1 is devoted
to infinite-dimensional inhomogeneous differential equations and in Section 10.2
we add an output equation. The obtained formulas will be very similar to those
found in Chapter 2. However, Cy-semigroups are in general not differentiable on
an infinite-dimensional state space and thus the proofs are more involved.

As a control application we study in Section 10.4 the stabilization of an
infinite-dimensional system by a finite-dimensional feedback. This result general-
izes Theorem 4.3.3 to an infinite-dimensional state space. Since for stabilization of
a finite-dimensional system we chose to work on C™, we assume throughout this
chapter that our state space X is a Hilbert space over the complex numbers.

10.1 The abstract inhomogeneous Cauchy problem

If A is the infinitesimal generator of a Cp-semigroup (7°(t)),~, then the classical
solution of the abstract homogeneous Cauchy initial value problem

#(t) = Az(t), t >0,  2(0) = o € D(A)

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 123
Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1 10,
© Springer Basel 2012
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is given by z(t) = T'(t)xo, see Lemma 5.3.2. In this section we consider the abstract
inhomogeneous Cauchy problem

&(t) = Ax(t) + f(t), t >0, z(0) = o, (10.2)

where for the moment we assume that f € C([0,7]; X). (10.2) is also called an
abstract evolution equation or abstract differential equation. First we define what
we mean by a solution of (10.2), and we begin with the notion of a classical solution.
C1([0,7]; X) denotes the class of continuous functions on [0, 7] whose derivative is
again continuous on [0, 7).

Definition 10.1.1. Consider equation (10.2) on the Hilbert space X and let 7 >
0. The function = : [0,7] — X is a classical solution of (10.2) on [0,7] if = €
CL([0,7]; X), z(t) € D(A) for all t € [0, 7] and z(t) satisfies (10.2) for all ¢ € [0, 7).
The function z is a classical solution on [0,00) if x is a classical solution on [0, 7]
for every 7 > 0.

In the following we extend the finite-dimensional results of Section 2.2 to the
infinite-dimensional situation.

Lemma 10.1.2. Assume that f € C([0,7]; X) and that x : [0,7] = X is a classical
solution of (10.2) on [0,7]. Then Ax(-) is an element of C([0,7]; X), and we have

x(t) = T(t)xo —|—/O T(t—s)f(s)ds, t €[0,7]. (10.3)

Proof. From (10.2), we may conclude Axz(t) = #(t) — f(¢) and & € C([0,7]; X)
implies Az(-) € C([0,7]; X).

Next we prove (10.3). Let ¢ be an arbitrary, but fixed, element of [0, 7] and
consider the function s — T'(t—s)z(s). We show that this function is differentiable
on [0,t). Let h be sufficiently small and consider

Tt—s—h)z(s+h)—T(t—s)x(s) T{Ht—s—h)x(s+h)—T{t—s—h)x(s)

h h
n Tt—s— h)x(sf)b —T(t— s)x(s).

If A converges to zero, then the second term on the right hand side converges to
—AT(t — s)z(s), since x(s) € D(A). Thus it remains to show that the first term
on the right hand side converges. We have the equality

T(t—s—h)x(s+h)—=T({t—s—h)x(s)
h

—T(t—s—h) <w - :t(s)) FT(t— s — h)i(s) — T(t — s)i(s).

—T(t—s)x(s)
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The uniform boundedness of (T'(t)),-, on any compact interval, the differentiabil-
ity of 2 and the strong continuity of (T'(¢)),~, implies that the above expression
converges to zero. Thus N

. z(s+h)—x(s) .
}ILIE%) T(t—s— h)T =T(t — s)x(s).

Thus the function s — T'(t — s)z(s) is differentiable on [0, ), and

d

75 (Lt = s)a(s)) = —AT(t = s)a(s) + Tt — s)(Ax(s) + f(s)) = T(t - 5)f(s),

where we used the equation @(s) = Az(s)+ f(s). Thus a classical solution to (10.2)
necessarily has the form (10.3). O

Equation (10.3) is reminiscent of the variation of constants formula for or-
dinary differential equations, see (2.21). If = is a classical solution, then z is nec-
essarily given by (10.3). Next we show that under suitable conditions (10.3) is
already the (unique) classical solution of (10.2).

Theorem 10.1.3. If A is the infinitesimal generator of a Cy-semigroup (T(?f))t20
on a Hilbert space X, f € CY([0,7]; X) and zo € D(A), then the function x :

[0,7] = X defined by (10.3) is continuously differentiable on [0,7] and it is the
unique classical solution of (10.2).

Proof. Uniqueness: If 1 and x5 are two different classical solutions of (10.2), then
their difference A(t) = 1 (t) — x2(t) satisfies the differential equation

dA
= AA, A(0) =
g (0)=0

and so we need to show that its only solution is A(t) = 0. However, this follows
directly from Lemma 5.3.2.

Ezistence: Clearly, all we need to show now is that ¢ — v(t) = fot T(t—s)f(s)ds
is an element of C1([0,7]; X), v(t) € D(A) for every t € [0, 7] and v satisfies the
differential equation (10.2) with zy = 0. Now

o(t) :/OtT(t—s) (f(0)+/sf(a)da> ds
:/0 Tt—s)f der// (t—s)f(a)dsda, (10.4)

where we have used Fubini’s Theorem. From Theorem 5.2.2.5, it follows that the
first term on the right hand side lies in the domain of A and that fi Tt — s)

f(a)ds € D(A) for all a € [0,t]. Furthermore, Theorem 5.2.2.5 implies

A/ T(t—s)f(a)ds = T(t — a)f(a) — f(a). (10.5)
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Since A is a closed operator, for every g € C([0, 7], X) with values in D(A) and
Ag € C([0,7],X), we have [Ag(s)ds = A [ g(s)ds. Combining this fact with
(10.4) and (10.5), we obtain that v(t) € D(A), and

Aut) = (T(t) — ) £(0) + / (T(t - ) - I)f(a)da

— T(1)£(0) + / T(t - o) f(a)da — f(t).

Using the fact that the convolution product is commutative, i.e., fot g(t—s)h(s)ds =
fotg(s)h(t — s)ds, we obtain

Av(t) :T(t)f(0)+/0 T(a)f(t — a)da — f(t).

Moreover, we have

1070+ [ T@ftt - adda— 10 = 4 ([ T@1( - aa) - 10
=o(t) = f(b),
and thus we may conclude that 0(t) = Av(t) + f(¢). O

In the above proof, we have proved the following result.

Corollary 10.1.4. If A is the infinitesimal generator of a Co-semigroup (T'(t)),~,
on the Hilbert space X, and f € C([0,7]; X), then the function v : [0,7] — X
defined by v(t) = fot T(t—s)f(s)ds, t € [0,7] is continuously differentiable on [0, 7]
and has values in the domain of A. Furthermore, it satisfies

Av(t) = T(#)£(0) + /O T(t — o) f(a)da — f(t). (10.6)

The assumptions of Theorem 10.1.3 are too strong for control applications,
where in general we do not wish to assume that f € C*([0,7]; X). Therefore we
introduce the following weaker concept of a solution of (10.2).

Definition 10.1.5. If f € L'([0,7]; X) and 79 € X, then we call the function
x:[0,7] = X defined by (10.3) a mild solution of (10.2) on [0, 7].

We note that (10.3) is a well-defined integral in the sense of Bochner or
Pettis, (see Lemma A.1.6 and Example A.1.13). Of course, if f € LP([0,7]; X) for
some p > 1, then necessarily f € L'([0,7]; X). In applications, we usually find
fe L*([0,7]; X).

Lemma 10.1.6. Assume that f € L'([0,7]; X) and zo € X. The mild solution x
defined by (10.3) is continuous on [0, 7].
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Proof. Since T'(-)xq is continuous, we can assume without loss of generality that
To — 0.
For ¢ > 0, consider

t t+06
2t +8) — a(t) = /O (T(t+6 — s) — T(t — 5)) f(s)ds + /t T(t+ 5 — 5)f(s)ds

t+6
=(T(6) — Dx(t) + /t T(t+6—s)f(s)ds.

Then we estimate

t+6
[zt +6) —x@) < [(T(6) = Dz(®)]| + sp 17 ( II/ 1f(s)llds

a€l0,0

and the right-hand side converges to 0 as § | 0 by the strong continuity of the
semigroup and Theorem 5.1.5.1. Now consider

t—6 ¢
2t — ) — a(t) = / (T(t—5— 8)— Tt — 5)) f(s)ds — / T(t — 5)f(s)ds,
0 t—6
noting that (T'(t —§ — s) — T'(t — s)) f(s) is integrable, since f € L*([0,7]; X) and
using the properties of (T'(t)),~, from Theorem 5.1.5.1 and Example A.1.13. An
estimation of the integral above yields

t

t—0
(i — ) — (1) < / |(T(t—6—5)~ T(t - ) f(s)]|ds + / 1Tt — )£ (s)]|ds.

Now (T'(t =6 —s) —T(t —s))f(s) = 0 as 6 | 0, and by Theorem 5.1.5 there
exists a constant A, > 0, depending only on ¢, such that ||[(T(t —§ —s) — T'(t —
$))f(s)]| < M| f(s)|l- So the first term converges to zero § | 0 by the Lebesgue
Dominated Convergence Theorem, and the second term also tends to zero by
similar arguments. O

In fact, the concept of a mild solution is the same as the concept of a weak
solution used in the study of partial differential equations.

Definition 10.1.7. Let f € L'([0, 7]; X). We call the function z : [0,7] — X a weak
solution of (10.2) on [0, 7] if the following holds:

1. x is continuous on [0, 7];

2. For all g € C*([0, 7]; X) with g(t) € D(A*), t € [0,7] and A*g € L*([0, 7]; X)
we have

/0 (a(t)+ A" g(t), a(t))dt+ / “glt), ()t = (g(t). 2(r))—(g(0). z0). (10.7
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We call z a weak solution of (10.2) on [0,00) if it is a weak solution on [0, 7] for
every 7 > 0.

Theorem 10.1.8. For every o € X and every f € LY([0,7]; X) there exists a
unique weak solution of (10.2), which is given by the mild solution of (10.2).

Proof. Let 29 € X and f € L*([0,7]; X) be chosen arbitrarily and let = be the cor-
responding mild solution given by (10.3). Lemma 10.1.6 shows that « is continuous
on [0,7]. Let g € C*([0, 7]; X) with g(t) € D(A*),t € [0,7] and A*g € L*([0, 7]; X).
It is sufficient to prove that the function (g(-), z(+)) is absolutely continuous and
its derivative is given by

dig(t), x(t))

T = (A7), =(1) + (9(t), f(£)) (10.8)

for almost all ¢. It is easy to show that (g(-),z(-)) is absolutely continuous. For
h > 0 we have that

(gt +h),z(t + h)) — (g(t), z(t))
= (gt +h) —g@),z(t + h)) + {g(t), z(t + h) — z(t)). (10.9)

Since z is continuous and g is differentiable it is easy to see that

o (9t B) = g(t),a(t + 1))
h—0 h

= (g(t), x(t)). (10.10)
Furthermore, we have that
z(t +h)—z(t) =z +h) — T(h)z(t) + T(h)z(t) — =(t)

t+h
_ /t T(t+h— ) f(s)ds + (T(h) — D)z(t).

Let A be an element of the resolvent set of A. By the previous equation, Proposition
A.1.7, and Theorem 5.2.2 we have for almost all ¢ € [0, 7],

.. x(t+h)—z(t) NI B
(M — A) 11}1?01T =(\ — A) 11}51015 t T(t+h—s)f(s)ds
i ML= ATH(T(R) = Dat)
hl0 h

1 . (T(h) = I)(\ — A)*lg:(t)
— (M= )7 f() + lim .

=\ — A7)+ AN — A) " ta(t). (10.11)
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Combining (10.9), (10.10), and (10.11) we find that

SRR 2L Z OO _ (50 20)) + g (0), -+ ) — ()

= (9(0) 2()) +1m((A = A)7g(t), (AL — 4)~ Ha(t +h) — (1))

= (g(t), 2(t)) + (A = A)"g(t), (\] = A)TH () + A — A)~"a(2))
= (9(8), (1)) + (g(8), F (1)) + (A%g(t), x(t)).

This proves (10.8) for the derivative from the right. The proof for the derivative
from the left goes similarly, see also the proof of Lemma 10.1.2.

To prove the uniqueness, we use the fact that A* is the infinitesimal generator
of the Cy-semigroup (T*(t)),~, see e.g. [10, 15, 24, 61].

If there are two weak solutions, then the difference x4(t) satisfies

/OT (g(t) + A%g(t), za(t))dt = (g(7), za(T)) (10.12)

for all g € C1([0, 7], X) with g(t) € D(A*), t € [0,7] and A*g € L'([0,7]; X). Take
h € C*([0,7],X), and define z as the unique classical solution of
2(t) = A*z(t) + h(t), z(0) = 0.

By Lemma 10.1.2 this solution exists. We define g(t) = z(7 — t),t € [0, 7]. Using
Lemma 10.1.2, it is easy to see that g € C'([0,7],X) and g(t) € D(A*) for all
t € [0, 7]. Furthermore,

gt) = —2(r—t)=—A"z2(r —t) — h(r — t), g(t) =0.

Substituting this into equation (10.12), we obtain

_ /J(h(T ), zalt))dt = 0.

As this hold for all continuous functions h, and since x4 is continuous, we conclude
that x4 is the zero function. O

In the following chapters, whenever we refer to the solution of the abstract
evolution equation (10.2), we mean the mild solution (10.3).

Example 10.1.9. In this example, we shall again consider the heat equation of
Example 5.1.1. The model of the heated bar was given by

Ox 0%z
E(Ca ) acg (Ca ) + U(Ca t)v x(Ca 0) = xO(C)a

ox ox
G_C(O’t) =0= 6{<1 ,1).
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We showed in Section 5.3 that if u = 0, then this partial differential equation can
be formulated as an abstract differential equation on X = L?(0, 1) of the form

x(t) = Azx(t), t >0, x(0) = xo,

where
d2h
D(A) = {h € L*(0,1) | h, d_C are absolutely continuous,
d?h dh dh
€ L*(0,1 — =—(1)¢. 10.14
T e L0 ma o —0=Fwb. o

We can include the control term in this formulation as follows:
&(t) = Ax(t) +u(t), t >0, z(0) = xo,

provided that u € L*([0,7]; L?(0,1)). The solution is given by (10.3), which can
be written as, see Example 5.1.4,

Z 6)\"t CEOa an ¢n / Z e)w(t S) )a ¢n()>¢"(g)ds

n=0

1
= / a)do + 22 —niw t/ zo(a) cos(nmar)da cos(nm()
0

n=1
2,2 1
+/ / u(a,s)da+/ Ze‘” g (t_5)2/ u(y, s) cos(nma)da cos(nmw¢)ds
o Jo 0 0

since A\, = —n?72,n >0, ¢n(¢) = v2cos(nm¢),n > 1 and ¢o(¢) = 1.

10.2 Outputs

Usually, as in Chapter 2, the function f in the inhomogeneous abstract differential
equation (10.2) is of the form Bu(-), where B is a bounded linear operator from
the input space U to the state space X. We assume that U is also a Hilbert space.
Thus the equation (10.2) reads

#(t) = Az(t) + Bu(t),  2(0) = . (10.15)

Again we assume that A is the infinitesimal generator of the Cj-semigroup
(T'(t));>o- The state is = and the input is given by u. We denote the system
(10.15) by X(A, B).
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In many systems the state is measured via an output, and so we add an
output to the system (A, B). We start by assuming that the output equation
can be represented via a bounded operator. For the more general case, we refer to
section 11.2.

The system (A, B) with an output equation is given by

#(t) = Ax(t) + Bu(t), z(0) = xo, (10.16)
y(t) = Cx(t) + Du(t), (10.17)

where A generates a Cop-semigroup (T'(t)):>o on the state space X, B is a linear
bounded operator from the input space U to X, C is a linear bounded operator
from X to the output space Y, and D is a linear operator from U to Y. All spaces U,
X and Y are supposed to be Hilbert spaces. We denote the system (10.16)—(10.17)
by (A, B,C, D).

In Section 10.1 we showed that the mild solution of (10.16) is given by

z(t) = T(t)xo + /0 T(t — s)Bu(s) ds.

This function is well-defined for every xo € X and every u € L([0,7];U), 7 > 0.
As the operators C' and D are bounded, there is no difficulty in “solving” equation
(10.17). We summarize the answer in the following theorem.

Theorem 10.2.1. Consider the abstract equation (10.16)—(10.17), with A the in-
finitesimal generator of the Co-semigroup (T'(t)),~,, and B,C, and D bounded
linear operators. The mild solution of (10.16)—(10.17) is given by the variation of
constant formula (10.3)

() = T(H)zo + /0 Tt - 5)Buls) ds,
y(t) = CT(t)zo + C /O "t — $)Bu(s) ds + Du(t)

for every xo € X and every u € L*([0,7];U).
As an example we return to Example 10.1.9 to which we add a measurement.

Example 10.2.2. Consider the heated bar of Example 10.1.9 on which we measure
the average temperature in the first half of the bar.

Ox 0?
(G0 = 5a (G0 +ulG 0, #(60) =w(0)
Ox Ox

y(t) = [2 2(C,t) dC.
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From Example 10.1.9 we have that the infinitesimal generator is given by (10.13)
and (10.14). Furthermore, it is easy to see that the input operator equals the
identity, i.e., U = X and B = I. The output space equals C and the output
operator C' is given by

C’a::/o x(¢) d¢. (10.18)

This is clearly a bounded linear operator, and so this partial differential equation
can be written in the form (10.16)—(10.17).

10.3 Bounded perturbations of Cj)-semigroups

In applications to control problems, the inhomogeneous term f in (10.2) is often
determined by a control input of feedback type, namely,

f(t) = Da(t),
where D € £(X). This leads to the new Cauchy problem
z(t) = (A+ D)x(t), t >0, 2(0) = xo, (10.19)

or in its integrated form
t
x(t) =T (t)xo + / T(t — s)Dx(s)ds. (10.20)
0

We expect that the perturbed system operator, A4+ D), is the infinitesimal generator
of another Cy-semigroup (Tp(t)),~, such that the solution of (10.19) is given by
x(t) = Tp(t)zo. This result is proved in Exercise 10.1 for the case that A generates
a contraction semigroup. For the general case, we refer to [10, Section 3.2] or [15,
page 158].

Theorem 10.3.1. Suppose that A is the infinitesimal generator of a Cy-semigroup
(T'(t));>o on a Hilbert space X and that D € L(X). Then A+ D is the infinitesimal
generator of a Co-semigroup (Tp(t)),sq on X. Moreover, if | T(t)| < Me“*, then

| Tp(t)|] < MeltMIPIDE (10.21)
and for every xog € X the following equations are satisfied:
t
To ()0 = T(#)wo + / T(t — 5)DTp (s)wods (10.22)
0

and

Tp(t)xg = T(t)xo + /0 Tp(t — s)DT(s)xzods. (10.23)



10.4. Exponential stabilizability 133

10.4 Exponential stabilizability

In Chapter 4 we studied the stabilizability of the finite-dimensional system
x(t) = Ax(t) + Bu(t), x(0) = xp.

In Sections 10.1 and 10.2 we saw that this equation is well-defined provided A
is the infinitesimal generator of a Cy-semigroup and B is a bounded operator.
Thus the concept of stabilizability generalizes naturally to an infinite-dimensional
setting.

Definition 10.4.1. Suppose that A is the infinitesimal generator of the Cy-semi-
group (T(t)),~, on the Hilbert space X and that B € L(U,X), where U is a
Hilbert space. If there exists an F' € L(X,U) such that A + BF generates an
exponentially stable Cy -semigroup, (Tsr(t));~q, then we say that X(A, B) is
exponentially stabilizable. B

An operator F € L(X,U) will be called a feedback operator.

Remark 10.4.2. This definition differs from our definition of exponential stabiliz-
ability for finite-dimensional systems, see Definition 4.1.3. By Theorem 4.3.1, for
finite-dimensional systems Definitions 4.1.3 and 10.4.1 are equivalent. For infinite-
dimensional systems this no longer holds, see also the Notes and References.

As for finite-dimensional state spaces, we aim to characterize operators A
and Bs such that (A, B) is stabilizable. Unfortunately, such a characterization
is not known. However, if the input space is finite-dimensional, or a little bit more
general if the range of B is finite-dimensional, then a complete characterization
of all systems (A4, B) which are exponentially stabilizable can be given. In this
section we present this result. Hence we assume that B € £(C™, X)), and that A
is the infinitesimal generator of the Cyp-semigroup (7'(t)),~, on the Hilbert space
X.

For the proof of the main theorem we need the following lemma. Note that
the order 1 of the isolated eigenvalue )\ is defined as follows. For every =z € X,
limy 5, (A — X)) (Al — A)~lz exists, but there exists an 2o € X such that
limy s, (A — Ao) (A — A)~lay does not exist, see also page 103. For the
eigenvalue Ay of the operator @ with order vy < oo the multiplicity is defined
as dimker (Aol — Q)™°).

Lemma 10.4.3. Consider the system X(A, B) with B € L(C™,X) and let F €
L(X,C™). For s € p(A+ BF) we have the following properties:
1. —1€o(BF(sI —A—BF)™') if and only if —1 € o(F(s] — A— BF)~"'B) if
and only if det(I + F(sI — A— BF)™'B) = 0.
If =1 € o(BF(sI — A— BF)™!), then —1 lies in the point spectrum.
The same assertion holds for F(sI — A— BF)"'B.

2. The order and the multiplicity of the eigenvalue —1 of BF(sI — A — BF)~!
and F(sI — A — BF)™'B are finite and equal.
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3. s € p(A) if and only if —1 € p(F(sI — A — BF)™'B). If s € p(A), then
(sI — A)~! satisfies

(sI —A)y'=(sI-A—-BF)'~(sI-A-BF)"'B
(I+F(sI—A—BF)"'B) ' F(sI — A— BF)™". (10.24)

4. If the holomorphic function s — det(I+F(sI—A—BF)™'B), s € p(A+BF),
is zero for s = sg, but not identically zero in a neighbourhood of sg, then
so € 0(A) and it is an eigenvalue of A with finite order and finite multiplicity.

Proof. 1. The proof is based on the following equalities;
(BF(sI —A—BF)"')B=B(F(sI—A—BF)"'B)  and (10.25)

F(sI—A—BF)"' (BF(sI — A— BF)™!)
= (F(sI—A—BF)"'B)F(sI - A—BF)"'.  (10.26)

Since F(sI— A— BF)~! B is an m x m-matrix all its spectral points are eigenvalues.
Furthermore, since the range of the bounded linear operator BF (s — A — BF)~!
is contained in C™, it is a compact operator, and so every non-zero point in
the spectrum is an isolated eigenvalue. This proves the second part of the first
assertion. Let —1 be an eigenvalue of F'(sI — A— BF)™ !B and let v € C™ be the
corresponding eigenvector, i.e,

F(sI —A—BF)'Bv = —v.

Thus in particular Bv # 0, and by multiplying this equation with B from the left
and using (10.25) it follows that Bv is an eigenvector of BF(sI — A— BF)~! with
eigenvalue —1. The other implication can be proved in a similar manner.

2. From the previous part it follows that the dimension of the kernel of I +
BF(sI — A — BF)™! equals the dimension of the kernel of I + F(sI — A —
BF)~!'B. Similarly the dimensions of the kernel of (I + BF(sI — A — BF)_l)V
and (I + F(sI — A — BF)*lB)V are the same. Furthermore, since F(sI — A —
BF)™'B is an m x m and BF(sI — A — BF)"!'B is a compact operator the
eigenvalue —1 is for both operators of finite order. Combining these two facts, we
conclude that they have equal (finite) order and multiplicity.

3. We have the following simple equality:
sl —A=(I+BF(sI — A—BF)™') (s - A— BF). (10.27)

Since sI — A — BF is boundedly invertible, the operator sI — A is injective if and
only if I + BF(sI — A — BF)~! is injective. Using the same argument, we obtain
that sI — A is surjective if and only if I + BF(sI — A— BF)~! is surjective. Using
the fact that BF(sI — A— BF)~! is a compact operator, [+ BF(s[— A— BF) ! is
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injective if and only if it is surjective if and only if —1 € p(BF(sI—A—BF)~1).In
particular, this implies that s € p(A) if and only if —1 € p(F(sI — A— BF)~'B).
Hence we have proved the first part. It is easy to see that the following equalities
hold for s € p(A+ BF):

I=(sI—A)(sI —A—BF)' —BF(sI — A— BF)™ !, (10.28)
B=(sI —A)(sl —-A— BF) 'B—BF(sl - A— BF)"'B, (10.29)

and hence
B(I+F(sI—A—BF)'B) = (sl — A)(sI — A— BF)"'B. (10.30)

Thus for s € p(A) N p(A+ BF) we have
(sST—A)"'B=(sI—A—BF)"'B(I+F(sI—A—BF)"'B)"'.  (10.31)
Multiplying (10.28) from the left by (sI — A)~! and using (10.31) we find that
(sI—A)'=(sI—A—-BF)'—(sI —A) " 'BF(sI — A— BF)!
=(sI-A—BF)'—(sI-A—-BF)™'B
(I +F(sI—A—BF)"'B) ' F(sI— A— BF)"",

Thus we have shown (10.24).
4. Since det(I + F(sI — A — BF)~'B) is not identically zero in a neighbourhood
of sg, part 1 implies that sg is an isolated eigenvalue of A. It remains to show that

the order and multiplicity of sy € o(A) are finite. Let 1y be the order of sy as a
zero of det(I + F(sI — A— BF)™1B). Using (10.24) we find that

lim (s — s50)"°(sI — A) "'z = lim (s — 59)"°(s] — A— BF) 'z

S— S0 55— S0

— lim (s — s9)"°(sI — A— BF)"'B

S$—So
(I+F(sI —A—BF)"'B)"' F(sI — A— BF) .
By the definition of vy and the fact that (sI — A — BF)~! is holomorphic on a
neighbourhood of sg, the limit on the right hand side exists. Hence the order of

sop as an eigenvalue of A cannot be larger than 1. That the multiplicity is finite
follows from (10.27), see also part 1. O

Lemma 10.4.3 implies that if s € p(A + BF)No(A), then s is an eigenvalue
of A. In fact, we show that if 3(A, B) is stabilizable then A can have at most

finitely many eigenvalues in (C(T . Such a separation of the spectrum is an important
property of the generator. We introduce the following notation:

ot i=a(A)NCT; CF = {\ € C|Re()\) >0}, (10.32)
o- =0(A)NCqy; C; ={X € C|Re(A) <0} (10.33)
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Definition 10.4.4. A satisfies the spectrum decomposition assumption at zero if o+
is bounded and separated from ¢~ in such a way that a rectifiable, simple, closed
curve, I', can be drawn so as to enclose an open set containing o in its interior
and o~ in its exterior.

From Theorem 8.2.4 follows that if the spectral decomposition assumption
at zero holds, then we have a corresponding decomposition of the state space X
and of the operator, A. More precisely, the spectral projection Pr defined by

1
Prr= — I — At 10.34
(= o /F (AT — A)~Lzd, (10.34)

where T is traversed once in the positive direction (counterclockwise), induces the
following decomposition:

X=XTo X, where X := PrX and X~ := (I — Pr)X. (10.35)
In view of this decomposition, it is convenient to use the notation
At 0 Tt (@) 0 _|B*
A= [ 0 A‘} , T()= { 0 T(1)| B = -1 (10.36)

where Bt = PrB € L(U,X"), and B~ = (I — Pr)B € L(U,X ). In fact, we
have decomposed our system (A, B) as the vector sum of the two subsystems:
S(AT,BT)on X and X(A~,B7) on X .

The following theorem shows that if the system X (A, B) is stabilizable, then
X is finite-dimensional, and (T~ (t)),, is exponentially stable.

Theorem 10.4.5. Consider the system (A, B) on the state space X and input
space C™. The following assertions are equivalent:

1. X(A, B) is exponentially stabilizable;

2. ©(A, B) satisfies the spectrum decomposition assumption at zero, XV is fi-
nite-dimensional, (T~ (t)),~, is exponentially stable, and the finite-dimen-
sional system S(AY, BT) is controllable, where we have used the notation
introduced in equations (10.35) and (10.36).

If¥(A, B) is exponentially stabilizable, then a stabilizing feedback operator is given
by F = FTPr, where F* is a stabilizing feedback operator for L(AT, BT).

Proof. 2 = 1. Since the finite-dimensional system ©(A™*, BT) is controllable, there
exists a feedback operator F'* € £(X T, C™) such that the spectrum of AT +BTF+
lies in C; . Choose the feedback operator F = [+ 0] € £(X,C™) for the system

Y (A, B). The perturbed operator A + BF = [A+;,B;+F+ AO,} generates a Cp-
semigroup by Theorem 10.3.1. Furthermore, for s € (C_S' we have that, see Exercise
10.2,

(sI-A—BF)™' =

(sI — At — BtF+)-1 0
(sI — A7) !B F¥(sI — AT —BTFH)~t (sI-A")"t |~
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Since the semigroups generated by AT + BT FT and A~ are exponentially stable,
Theorem 8.1.4 implies that the corresponding resolvent operators are uniformly
bounded in the right half-plane. Thus (sI — A — BF)~! is uniformly bounded
in (Car, and thus by Theorem 8.1.4 its corresponding semigroup is exponentially
stable.

1 = 2. By assumption there exists an operator F' € L(X,C™) such that A+ BF
generates an exponentially stable Cy-semigroup. By Definition 8.1.1, there exist
constants M > 0 and v < 0, such that

ITpr(t)| < Me. (10.37)

From Lemma 10.4.3, for every s € {s € C | Re(s) > v} we have s € g(A4) if and
only if det(I + F(sI — A— BF)™'B) = 0. Now the determinant det(/ + F(-I —
A — BF)™!B) is holomorphic on {s € C | Re(s) > v} and therefore there cannot
be an accumulation point of zeros in {s € C | Re(s) > v+ ¢}, € > 0, unless the
determinant is identically zero.

From (10.37), it follows that for all ¢ > 0,

/ 2V FTpp(t)B||?dt < 0o
0

and by the Paley-Wiener Theorem A.2.9, we deduce that
F((-+y+¢)l—A—BF)"'BecH*C™™). (10.38)
By Lemma A.2.6 this implies that

lim sup |F(sI — A— BF)"'B| =o0.
P70 sect

SrelslZp

Consequently, det(I + F(-I — A— BF)~!B) cannot be identically zero in a, and
the function has no finite accumulation point there. Moreover, we can always find
a sufficiently large p such that

1 -
|F(T—A—BF)"'B| < 5 in CT\D(p), (10.39)

where D(p) = {s € C{ | |s| < p}. Thus I + F(sI — A — BF)~'B is invertible
for all s € CJ \ D(p). Inside the compact set D(p) a holomorphic function has
at most finitely many zeros, and applying Lemma 10.4.3 we see that ot com-
prises at most finitely many points with finite multiplicity. Hence the spectrum
decomposition assumption holds at zero. From Theorem 8.2.4.4 and e follows that
XT = ran PT is finite-dimensional and o(AT) = o+ C CJ. Thus it remains to
show that (T~ (t)),>, is exponentially stable and that (A", B*) is controllable.
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By Lemma 10.4.3 we have that
(s —A) ' =(sI-A—-BF)' —(sI—-A—-BF)"'B
(I+F(sI—A—BF)"'B) ' F(sI— A—BF)"".  (10.40)

Since A + BF generates an exponentially stable semigroup, by Theorem 8.1.4 we
obtain that (-/ — A — BF)~! is uniformly bounded in C{. Combining this with
(10.39), equation (10.40) implies that

sup  |[(sI — A)7H| < .

s€C{\D(p)

From Lemma 8.2.6 we conclude that (7 (¢)),>, is exponentially stable.
Finally, we prove that the system L (A", BT) is controllable. By Theorem
10.3.1 we obtain that

t
PFTBF(t)ZO = PFT(t)ZO + / PFT(t — S)BFTBF(S)xodS.
0
For 29 € X this equation reads
t
PFTBF(t)xo = T+(t)(£0 + / T+(t — S)B+FTBF(S)$0dS.
0

Since (Trr(t)),», is exponentially stable, for any zo € X there exists an input
u € L ([0,00); C™), i.e., u(t) = FTpp(t)zo, such that the solution of the finite-

loc
dimensional system

i(t) = ATx(t) + BTu(t), z(0) = zg

is exponentially decaying. By Definition 4.1.3, the system (AT, BT) is stabiliz-

able. Since all eigenvalues of the matrix AT lie in CJ, using Theorem 4.3.3 we

may conclude that X(A+, BT) is controllable. O
We apply the above result to the system of Example 10.1.9.

Example 10.4.6. Here we consider again the heat equation of Example 10.1.9, but
we choose a different input operator.

9ty = L2010 1(Qult), 2(C,0) = 20(0) (10.41)
at 3 - 8(2 ) [%,1] ) 3 — &0 3 .
ox oz

9e(0:1) =0="5(1,1) (10.42)

As in Example 10.1.9 we can write this partial differential equation as an abstract
differential equation on X = L?(0,1):

&(t) = Ax(t) + Bu(t), t >0, x(0) = xo,
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where A is given by (10.13) and (10.14) and B € £(C, X) is given by
(Bu) (¢) = 1;

Since o (A) ﬁa = {0}, the system is not exponentially stable. Using the fact that
X possesses an orthonormal basis of eigenvectors of A, see Example 5.1.4, it is
easy to see that

PFx = <xa¢0>¢0

and thus X = span{¢o}, X~ = Spam,>;{¢n}. Furthermore, the semigroup
(T~ (t))e>0 is given by

Z n7rt >¢n

and therefore the semigroup (77 (1)), is exponentially stable. If we can show that
Y (AT, BT) is controllable, then Theorem 10.4.5 implies that the system (10.41)-
(10.42) is exponentially stabilizable. We have that A*™ = 0 and BT = PrB =
(I, D1 = 1. Using Theorem 3.1.6 it is easy to see that the one-dimensional

system (0, %) is controllable, and therefore the controlled heat equation is expo-
nentially stabilizable.

10.5 Exercises

10.1. In this exercise we prove Theorem 10.3.1 in the case that A generates a
contraction semigroup. Hence throughout this exercise we assume that A
is the infinitesimal generator of the contraction semigroup (7(t)),-, on the
Hilbert space X.

(a) Show that the operator A+ D — 2||D||I with domain D(A) generates a
contraction semigroup on X.
Use Exercise 5.3 to conclude that A + D with domain D(A) generates
a Cp-semigroup on X.

(b) Denote by (Tp(t)),~, the Co-semigroup generated by A + D.
Let Ty € D(A) Use Theorem 10.1.3 and show that z(t) := Tp(t)zo —

t)xog — fo (t — s)DTp(s)xgds is a classical solution of
z(t) = Az(t), z(0) = 0.
Use Lemma 5.3.2 to conclude that z(t) = 0 for t > 0.

(c) Let 29 € D(A). Show that x(t) = T(t)xo + fot Tp(t — s)DT(s)xgds is a
classical solution of

z(t) = (A+ D)x(t), z(0) = zp.



140 Chapter 10. Inhomogeneous Abstract Differential Equations

(d) Prove that (10.22) and (10.23) hold.

10.2. Let A; and As be two closed, densely defined operators on X; and Xo,
respectively. Let @@ be a bounded operator from X7 to Xs. Show that if A;
and As are (boundedly) invertible, then the following operator

A 0
Aoxt = , D(Aext) = D(A D(As),
=18 n] Pe =Dy e D)
is invertible as well, and the inverse is given by
Al { ATt 0
ext *AEIQAII A;l

10.3. Consider the partial differential equation

FCD = T +100(6.0) + Tg y(Qult), (6,0 =20((), (1043

ox ox

e 00 =0= 52010 (10.44)
y(t) = /O 2(C,8) dC — u(t). (10.45)

(a) Formulate the partial differential equation (10.43)—(10.45) as a system
of the form (10.16)—(10.17) on the state X = L?(0,1)

(b) Is the system exponentially stabilizable?

10.6 Notes and references

The results as formulated in Section 10.1 and 10.3 are well-documented in the
literature and can be found in any standard text on Cp-semigroups, such as [24],
[61], and [15]. However, since these results are of eminent importance for applica-
tions, textbooks aimed on applications of semigroup theory contain these results
as well, see [10] or [44].

Since the output equation is important for control theory only, the results of
Section 10.2 are not treated in books on Cy-semigroups. For more results on this,
and on the state space system (A, B, C, D) we refer to [10].

In our definition of exponential stabilizability, Definition 10.4.1, we have cho-
sen the control as u(t) = Fx(t). For the finite-dimensional case we could equiva-
lently allow for locally L'-functions. This equivalence no longer holds for infinite-
dimensional systems, see Example 2.13 of [48]. However, if the (stabilizing) input
u is chosen as an L?([0, o0); U)-function, then there exists a bounded F' such that
A + BF generates an exponentially stable semigroup. The proof uses optimal
control theory, see e.g. Chapter 6 of [10].
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The implication 2 to 1 in Theorem 10.4.5 has been known since the mid 1970s
of the last century. However, the reserve implication stayed open for at least ten
years. Then it was proved independently of each other by Desch and Schappacher
[11], Jacobson and Nett [27], and Nefedov and Sholokhovich [42].



Chapter 11

Boundary Control Systems

In this chapter we are in particular interested in systems with a control at the
boundary of their spatial domain. We show that these systems have well-defined
solutions provided the input is sufficiently smooth. The simplest boundary control
system is most likely the controlled transport equation, which is given by

ox or
E(Cat)za_C(C7t)a Ce [071]7 tZO
x(1,t) = u(t), t>0,

where u denotes the control function. In Exercise 6.3 we have solved this partial
differential equation for the specific choice u = 0. In this chapter we show that the
solution of (11.1) is given by

_ Jzo(C+1), (+t<1,
(60) = {u(c+t—1), CHt>1.

11.1 Boundary control systems

Boundary control problems like (11.1) occur frequently in applications, but unfor-
tunately they do not fit into our standard formulation

z(t) = Ax(t) + Bu(t), z(0) = xo. (11.2)

However, for sufficiently smooth inputs it is possible to reformulate these problems
in such a way that they lead to an associated system in the standard form (11.2).

First we explain the idea behind this reformulation for the system (11.1).
Assume that z is a classical solution of the p.d.e. (11.1) and that u is continuously
differentiable. Defining

U(Cvt) = x(C7t) - U(t),

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 143
Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1 11,
© Springer Basel 2012
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we obtain the following partial differential equation for v

v v .
E(Cvt):a_c(gat)_u(t)v 46[071]7 tZO

v(1,t) =0, t>0.
This partial differential equation for v can be written in the standard form as
0(t) = Av(t) + Bu(t)

for w = 1. Hence via a simple trick, we can reformulate this p.d.e. with boundary
control into a p.d.e. with internal control. The price we have to pay is that u has
to be smooth.
The trick applied to (11.1) can be extended to abstract control systems of
the form
z(t) = Ax(t), x(0) = zo,

Br(t) = u(t), (1L3)

where 20 : D(2() C X — X is linear, the control function u takes values in the
Hilbert space U, and the boundary operator 6 : D(B) C X — U is linear and
satisfies D(2) C D(B).

In order to reformulate equation (11.3) into an abstract form (11.2), we need
to impose extra conditions on the system.

Definition 11.1.1. The control system (11.3) is a boundary control system if the
following hold:

1. The operator A : D(A) — X with D(A) = D(2) Nker(B) and
Az =Ax for x € D(A) (11.4)

is the infinitesimal generator of a Cy-semigroup (T'(t));>0 on X;

2. There exists an operator B € L(U, X) such that for all v € U we have
Bue D), AB € L(U, X) and

BBu = u, ueU. (11.5)

Part 2 of the definition implies in particular that the range of the operator
B equals U. Note that part 1 of the definition guarantees that the system (11.3)
possesses a unique solution for the choice u = 0, i.e., the homogeneous equation
is well-posed. Part 2 allows us to choose every value in U for the input u(t) at
time t > 0. In other words, the values of an input are not restricted, which is a
plausible condition.

We say that the function x : [0, 7] — X is a classical solution of the boundary
control system of Definition 11.1.1 on [0,7] if = is a continuously differentiable
function, x(t) € D() for all ¢ € [0, 7], and x(¢) satisfies (11.3) for all ¢ € [0, 7].
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The function z : [0,00) — X is a classical solution on [0,00) if = is a classical
solution on [0, 7] for every 7 > 0.

For a boundary control system, we can apply a similar trick as the one applied
to the transport equation. This is the subject of the following theorem. It turns
out that v(t) = x(t) — Bu(t) is the solution of the abstract differential equation

0(t) = Av(t) — Bu(t) + ABu(t), v(0) = wp. (11.6)

Since A is the infinitesimal generator of a Cy-semigroup and B and 2AB are
bounded linear operators, Theorem 10.1.3 implies that equation (11.6) has a
unique classical solution for vg € D(A) and u € C*([0,7];U). Furthermore, we
can prove the following relation between the (classical) solutions of (11.3) and
(11.6).

Theorem 11.1.2. Consider the boundary control system (11.3) and the abstract
differential equation (11.6). Assume that u € C%([0,7];U). If vo = xo — Bu(0) €
D(A), then the classical solutions of (11.3) and (11.6) on [0, 7] are related by

v(t) = x(t) — Bul(t). (11.7)
Furthermore, the classical solution of (11.3) is unique.

Proof. Suppose that v is a classical solution of (11.6). Then for t € [0, 7] we get
v(t) € D(A) € D) C D(®B), Bu(t) € D(B), and

B (t) = B(v(t) + Bu(t)) = Bu(t) + BBu(t) = u(t),

where we have used that v(t) € D(A) C ker®B and that equation (11.5) holds.
Furthermore, equation (11.7) implies

&(t) =0(t) + Bu( )
= Av(t) — Bu(t) + ABu(t) + Bu(t) by (11.6)
= Av(t) + ABu(t)
= A(v(t) + Bu(t)) by (11.4)
= Ax(¢) by (11.7).

Thus, if v is a classical solution of (11.6), then x defined by (11.7) is a classical
solution of (11.3).

The other implication is proved similarly. The uniqueness of the classical
solutions of (11.3) follows from the uniqueness of the classical solutions of (11.6),
see Theorem 10.1.3. O

Remark 11.1.3. In Theorem 11.1.2 we assume that vg = z¢o — Bu(0) € D(A).
However, this can equivalently be formulated in a condition on zy and u(0). More
precisely, the following equivalence is easy to prove, see Exercise 11.1: If (11.3)
defines a boundary control system, then the difference o — Bu(0) is an element
of the domain of A if and only if zyp € D() and Bxy = u(0).
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The (mild) solution of (11.6) is given by
t
o(t) = T(t)uo + / T(t — 5) (ABu(s) — Bu(s)) ds (11.8)
0
for every vy € X and every u € H'([0,7];U), 7 > 0. Therefore, the function
t
x(t) = T(t)(zo — Bu(0)) + / T(t —s) (ABu(s) — Bu(s)) ds + Bu(t) (11.9)
0

is called the mild solution of the abstract boundary control system (11.3) for every
zo € X and every u € H'([0,7];U) 7 > 0.

As an example we study again the controlled transport equation of equation
(11.1).

Example 11.1.4. We consider the system

ox ox

a(gat):a_c(<7t)a CG [071]7 t>0
Z(Ca 0) = xO(C)a C € [07 1]
x(1,t) = u(t), t>0

for an input uw € H'(0,7). In order to write this example in the form (11.3) we
choose X = L?(0,1) and

dzx
= d_C’
Br = z(1), D(B) = D).

Az D(Ql) :HI(O,].),

These two operators satisfy the assumption of a boundary control system. More
precisely: the operators 2 and 9B are linear, 2 restricted to the domain D (2()Nker B
generates a Cp-semigroup, see Exercise 6.3. Furthermore, the range of B is C =U
and the choice B = 1|y ) implies BBu = u. Using the fact that AB = 0, we
conclude from equation (11.9) that the mild solution is given by

x(t) = T(t)(zo — Bu(0)) + /0 T(t — s)(RABu(s) — Bu(s)) ds + Bu(t)

= T(t)(zo — u(0)) /O T(t — 5)10.1i(s) ds + u(t).

Using the precise representation of the shift-semigroup, see Exercise 6.3, we can
write the solution of the boundary controlled partial differential equation as

z((,t) = (zo(¢ + 1) — u(0))Ljo,3(¢ +1t) — / Lio,1(¢ +t — s)u(s) ds + u(t).

0
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If ¢ +¢ > 1, we have
2(Cot) = —u(r) ey + ult) = w(C+t - 1),
and if ¢ +¢ < 1, then
(¢, 1) = 20(C + 1) = u(0) — u(r)g + u(t) = z0(¢ +1).
Or equivalently,

(11.10)

x(¢,t) = {%(CH)’ sl

U(C+t_1)7 <+t>17

which proves our claim made in the introduction of this chapter.
It is easy to show that this example cannot be written as an abstract control

system
x(t) = Azx(t) + Bu(t), (11.11)

with B a bounded operator.

If the controlled transport equation were of the form (11.11), then Theorem
10.1.3 would imply that z:(t) € D(A), whenever z(0) € D(A) and u € C*([0, 7]; X).
Choosing o =0, t = %, and v = 1, (11.10) implies that x(C, %) =0if ( < % and
z(¢, 5) =1if ¢ > &, which is in contradiction to z(1) € D(A) € D(2) = H*(0,1).
Summarizing, the boundary controlled transport equation of this example cannot
be written in the form (11.11).

The controlled transport equation is a simple example of our general class of
port-Hamiltonian systems. This example could be written as a boundary control
system. In section 11.3 we show that this holds in general for a port-Hamiltonian
system. However, before we do this, we add an output to the boundary control
system.

11.2 Qutputs for boundary control systems

In the previous section we showed that a system with control at the boundary

possesses a (unique) classical solution, provided the input and initial condition

are smooth enough. In Section 10.2, we saw that having a solution for the state

equation, easily led to the solution of the output equation. In this section, we show

that for classical solutions of a boundary control system a similar property holds.
We add a (boundary) output to the boundary control system (11.3).

#(t) =Ax(t), x(0) = xo, (11.12)
B (t) = u(t), (11.13)
Cx(t) = y(t) (11.14)

where (2, B) satisfies the conditions of a boundary control system, see Definition
11.1.1 and € is a linear operator from D(2() to Y with Y a Hilbert space.
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Since a classical solution of (11.12)—(11.13) takes values in the domain of 2,
and since € is well-defined on this space, there is no difficulty in solving (11.14).
We summarize the answer in the following theorem.

Theorem 11.2.1. Consider the boundary control system (11.12)—~(11.14) with (A, B)
satisfying the conditions of Definition 11.1.1 and € a linear operator from D(2A)
toY.

Ifu e C*([0,7];U), o € D), and Bz = u(0), then the classical solution
of (11.12)~(11.14) is given by

z(t) =T (t)(xo — Bu(0)) + /0 T(t — s)(ABu(s) — Bu(s)) ds + Bu(t),

y(t) = €T (t)(zo — Bu(0)) + @/O T(t — s)(ABu(s) — Bu(s)) ds + €Bu(t).

If D(2) is a Hilbert space, and € is a bounded linear operator from D(2A) to
Y, then the output y is a continuous function.

For an example of a boundary control system with a boundary output, we
refer to Example 11.3.6. This example is a port-Hamiltonian system with boundary
control and observation. In the following section we show that these systems fall
into the class of boundary control systems.

11.3 Port-Hamiltonian systems as boundary control
systems
In this section we add a boundary control to a port-Hamiltonian system and we

show that the assumptions of a boundary control system are satisfied. The port-
Hamiltonian system with control is given by

Ox 0
¢ (Gt = Pla_C(H(C)x(<7t)) + Po(H(Q)z(C, 1)), (11.15)
u(t) = Wg, [J;‘Z((?J (11.16)
_ fa(t)
0=MWg, [ea(t)} . (11.17)

We make the following assumptions.
Assumption 11.3.1.
e P € K™*" is invertible and self-adjoint;

o H € L*([a,b]; K™*™), H(() is self-adjoint for a.e. ¢ € [a,b] and there exist
M, m > 0 such that mI < H(¢) < MI for a.e. ¢ € [a,b];
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o Wp:= {%i;} € K™*?" has full rank.

Thus, in particular, P; and H satisfy the assumptions of Definition 7.1.2. We
recall that the boundary effort and boundary flow are given by, see (7.26)

[fa} _ R, [(Hw)(b)}
€s (Hz)(a)|’
where Ry is the invertible 2n x 2n-matrix defined in (7.27).

We can write the port-Hamiltonian system (11.15)-(11.17) as a boundary

control system
o(t) = Ax(t),  2(0) = o,

B(t) = u(t),
by defining
A — Pla%(m) + Py(Ha), (11.18)
D) = {x € 12([a, ;K™ | Ha € H'(ja, b K"), W, Eﬂ . o}, (11.19)
Br = Wg, Eﬂ , (11.20)
D(B) = D). (11.21)

Following Chapter 7, we choose the Hilbert space X = L?([a,b]; K") equipped
with the inner product

b
(Fa)x =3 [ FO MO & (11.22

as the state space. The input space U equals K™, where m is the number of rows of
Wpg1'. We are now in the position to show that the controlled port-Hamiltonian
system is indeed a boundary control system.

Theorem 11.3.2. If the operator

Az = Plagg(’}-[x) + Py(Hx) (11.23)
with the domain
D(A) o 1 LTen fa WB,I
=qz € X | Hae € H ([a,b]; K"), e € ker W o (11.24)

generates a Co-semigroup on X, then the system (11.15)—~(11.17) is a boundary
control system on X.

INote that m has two meanings: It is used as a lower-bound for # and as the dimension of
our input space.
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Proof. Equations (11.19) and (11.20) imply that D(A) = D() Nker B, and hence
part 1 of Definition 11.1.1 is satisfied.

The n x 2n-matrix Wp has full rank n and Ry is an invertible matrix. Thus
there exists a 2n x n-matrix .S such that

W I, 0
waras = [0 s = [ly 9] a9

where [,,, is the identity matrix on K™. A possible choice for the matrix S is
S = R(jlWE(WBWE)*l [16" 8} We write S = [gz gz], where S11 and So; are
n X m-matrices, and we define the operator B € L(K™, X) by

(Bu)(¢) :==H(¢) <S11g_z + 5212_2> u.

The definition of B implies that Bu is a square integrable function and that
HBu € H'([a,b]; K"). Furthermore, from (11.25) it follows that Wp 2Ry [g;ﬂ =
0. Combining this with the definition of the boundary effort and boundary flow,
we obtain that Bu € D(21). Furthermore, B and B are linear bounded operators
from K™ to X and using (11.25) once more, we obtain

SBBu = WBJRO |:§;:| U = u.

Thus the port-Hamiltonian system is indeed a boundary control system. 0

Remark 11.3.3. An essential condition in the above theorem is that A given
by (11.23) with domain (11.24) generates a Cpy-semigroup. Theorem 7.2.4 and
Assumption 11.3.1 imply that this holds in particular when P}y = —F, and
We[§§1 W5 = 0.

Since the term Py can be seen as a bounded perturbation of (11.18) with
Py = 0, Theorem 7.2.4 and Theorem 10.3.1 show that A given by (11.23) with
domain (11.24) generates a Cyp-semigroup when W [¢ [1W5 > 0.

As an example we once more study the controlled transport equation.

Example 11.3.4. We consider the system

Ox ox
a(C,t) =

Z(C,O) :‘TO(C)a CG [07 ]-]

This system can be written as a port-Hamiltonian system (11.15) by choosing
n=1, Py =0, P, =1 and H = 1. Therefore, we have

el 3 e - B

¢, ¢€[0,1],¢t=0 (11.26)

(0 tﬂ _
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Since n = 1, we have the choice of either applying one control or no control at all.
Adding a boundary control, the control can be written as, see (11.16),

B 1 x(1,t) — z(0,t) _ b “ - A
u(t) - [a’ b] \/§ |:37(1,t) +$(O,t):| - \/5 [( +b) (]-at) + (b ) (Ovt()] )
11.27

Note that Wp = [a b] has full rank if and only if a? + b2 # 0. We assume this from
now on.

By Theorem 11.3.2 we only have to check whether the homogeneous partial
differential equation generates a Cy-semigroup. Using Remark 11.3.3 this holds if
2ab > 0. Thus possible boundary controls for the transport equation are

V2

u(t) = z(1,1), (a=b= 7),
u(t) =3z(1,t) —2(0,t), (a=v2,b=2V2).
However, this remark does not provide an answer for the control u(t) = —x(1,t) +

3x(0,t). By using other techniques it can be shown that (11.26) with this control
is also a boundary control system, see Chapter 13.

Next we focus on a boundary observation for port-Hamiltonian systems. We
develop conditions on the boundary observation guaranteeing that a certain bal-
ance equation is satisfied, which is important in Chapters 12 and 13. The standard
Hamiltonian system with boundary control and boundary observation is given by

(t) = Pla%(m(t)) + Py(Ha(t)), (11.28)
u(t) = Wp [Zggﬂ , (11.29)
y(t) = We E{;’gﬂ . (11.30)

It is assumed that Py, H and Wg satisfy the conditions of Assumption 11.3.1. Note
that we have taken Wg = Wpg 1 or equivalently Wg o = 0. In other words, we are
using the maximal number of controls.

The output equation is formulated very similar to the control equation. So
we assume that the output space Y = K*, and thus W¢ is a matrix of size k x 2n.
Since we want the outputs to be independent, we assume that W¢ has full rank.
Furthermore, since we do not want to measure quantities that we already have
chosen as an input, see (11.29), we assume that the matrix [%ﬁ ] has full rank.

If we have full measurements, i.e., k = n, then the above assumptions imply
that the matrix [%g } is invertible. Combining this assumption with the fact that
¥ = [971] is invertible, we obtain that the product [%ﬂ ¥ [wg we ] is invertible
as well. Its inverse is defined as

1

-1 —
— (Vs P _ [Wexwg WpEWs
Pwg,wo -—({WC}Z[WB WC}) _{WCEWE Weswe| (11.31)
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We choose the same state space as in Section 11.3, i.e, X = L?([a, b]; K") with
inner product (11.22).

Theorem 11.3.5. Consider the system (11.28)—(11.30), satisfying Assumption
11.3.1, We € KF*27 and [WB] e KE+m)X2n paving full rank.

Assume that the operator A defined by (11.23) and (11.24) generates a Cy-
semigroup on X. Then for every u € C%([0,00); K"), Hx(0) € H([a,b]; K"), and
u(0) = Wg [gggg”, the system (11.28)—(11.30) has a unique (classical) solution,
with Hx(t) € H([a,b]; K™), t > 0, and the output y is continuous.

Furthermore, if additionally Py = — Py and k = n, then the following balance
equation is satisfied for every t > 0:

Gl =5 @) v 0] Pwawe [19)]. (132
Proof. Theorem 11.3.2 implies that the system (11.28)—(11.29) is a boundary con-
trol system on X, where the operators 2l and B are given by

W = Pr o (Hm) + Py(Hz), Bz =Ws [Z (‘j ,

C
D) = D(B) = {x € L*([a,b; K") | Hz € H'([a,b;K")}.

Let A and B be the corresponding operators satisfying the properties of Definition
11.1.1. By assumption we have v € C?%([0,); K"), z(0) € D(2), and Bz(0) =
4(0). Thus Remark 11.1.3 and Theorem 11.1.2 imply that (11.28)—(11.29) possesses
a unique classical solution with Hz(t) € H'([a, b]; K™), t > 0. Combining equations
(11.30) and (11.14), we see that

¢z = WeRy [ é;‘i))gz)) } .

This is clearly a linear bounded operator from the domain of 2 to C*, and thus
Theorem 11.2.1 implies that the output corresponding to a classical solution is a
continuous function.

It Py = —F; and k = n, then we may apply Theorem 7.1.5. Using this
theorem and the fact that ¥ = [9 /], the classical solution z satisfies

Sl = 55 Bhealt) + eh(0)fo0)

5500 este) s 1200

which completes the proof. O
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As an example we consider the vibrating string.

Example 11.3.6. We consider the vibrating string on the spatial interval [a, b] for

MUI

Figure 11.1: The vibrating string with two controls

which the forces at both ends are the control variables, and the velocities at these
ends are the outputs. In Example 7.1.1 we saw that the model is given by

0%*w 1 9
= )= — —
o = e
where ¢ € [a, b] is the spatial variable, w((,t) is the vertical position of the string

at position ¢ and time ¢, T is the Young’s modulus of the string, and p is the mass
density. This system has the energy /Hamiltonian

(T(C)g—?(C,t)) ; (11.33)

p0 =5 [ 00 (Ricn) +1o (Lien) @ (11:34)

—a2 ) PS> ac > ' '
dw

Furthermore, it is a port-Hamiltonian system with state x = [pa_'?f }, P =93],
ac

Py =0, and H(¢) = [? T?C)} The boundary effort and boundary flow for the

vibrating string are given by, see Example 7.2.5,

d Ow d d
= L[ TORO TR LT G ]
Gl e -2 7 | T2 0) + Tla)22 ()

As depicted in Figure 11.1, the forces at the ends are the inputs and the velocity
at both ends are the outputs, i.e.,

T(b)22(b,1) 9w (p, t)
u(t) = GO : t)y=1| 9t : 11.36
D= @)% (a0 0= 2, —
Using (11.35) we find that W and W¢ are given as
1 1 0 0 1 1 0O 1 1 0
WBE{—IOOl}’ WCE{O -1 10]' (11.37)

Wpg and W are 2 x 4-matrices of full rank and [%g ] is invertible. Further-
more,

., [0 o0
WBZWB:[O 0]
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By Theorem 7.2.4 we conclude that the associated A generates a contraction semi-
group on the energy space. In fact, it generates a unitary group, see Exercise 7.2.
Hence our system satisfies the conditions of Theorem 11.3.5. In particular, it is
a boundary control system, and since Py = 0 the balance equation (11.32) holds.
Since

0 0

WeSWE = [ 0 0

}, and WCEWE[(l) _01}7

we find that

%Ilw(t)llgc = % (ur(@®y1(t) —uz(t)y2(t) + 91 (ua(t) — y2 (Dua(t)) . (11.38)

Note that this equals equation (7.3).

11.4 Exercises

11.1. Prove the assertion in Remark 11.1.3

11.2. Consider the transmission line of Exercise 7.1 for any of the following bound-
ary condition:

(a) At the left-end the voltage equal u;(t) and at the right-end the voltage
equals the input ua(t).

(b) At the left-end we put the voltage equal to zero and at the right-end
the voltage equals the input u(t).

(c) At the left-end we put the voltage equal to u(t) and at the right-end
the voltage equals R times the current, for some R > 0.

Show that these systems can be written as a boundary control system.

11.3. Consider the vibrating string of Example 7.1.1 with the boundary conditions

G@n=0 ad TOZGH=ul) 20

(a) Reformulate this system as a boundary control system.

(b) Prove that we have a well-defined input-output system, if we measure
the velocity at the right-hand side, y(t) = 57 (b,1).

(c) Does a balance equation like (11.32) hold?

11.4. In the formulation of port-Hamiltonian systems as boundary control systems,
we have the possibility that some boundary conditions are set to zero, see
(11.17). However, when we add an output, this possibility was excluded, see
(11.28)—(11.30). In this exercise we show that this did not pose a restriction
to the theory.
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(a) Show that if W = 0, i.e., Wg = Wp, and WgXW} > 0, then
(11.15) with control (11.16) is a well-defined boundary control system.
What is the domain of the infinitesimal generator A7

(b) Let Wg be a n x 2n matrix of full rank satisfying WpXW}, > 0. We

decompose u = Wg [gg} as

e | W Z Wga fo
U Wg2 es |’
Show that the choice us = 0 is allowed. Furthermore, show that it leads
to the same boundary control system as in (11.15)—(11.17).
11.5. Consider the coupled strings of Exercise 7.4. Now we apply a force u(t), to
the bar in the middle, see Figure 11.2. This implies that the force balance in

W(t) .

111

Figure 11.2: Coupled vibrating strings with external force

the middle reads
0 0 0
%(b) = Tir(a) 52 (a) + Tinr(a) ot

(a) Formulate the coupled vibrating strings with external force as a bound-
ary control system.

Ti(b) (a) + u(t).

(b) Additionally, we measure the velocity of the bar in the middle. Refor-
mulate the system with this choice for the output as a system of form
(11.28)~(11.30).

(c) For the input and output defined above, determine the power balance
in terms of the input and output, see (11.32).

11.5 Notes and references

The boundary control system as presented in this chapter was introduced by Fat-
torini [16], and has become a standard way of reformulating partial differential
equations with boundary control as an abstract system. The application to port-
Hamiltonian systems of Sections 11.3 and 11.2 can be found in [36].



Chapter 12

Transfer Functions

In this chapter we introduce the concept of transfer functions. In the system and
control literature a transfer function is usually defined via the Laplace transform.
However, in this chapter we use a different approach. Nevertheless, we explain
the Laplace transform-approach by means of an example, that is, we consider the
ordinary differential equation

§(t) + 3y(t) — Ty(t) = —a(t) + 2u(t), (12.1)

where the dot denotes the derivative with respect to time.

Let £ denote the Laplace transform, and let F' be the Laplace transform of
the function f, i.e., (£(f)) (s) = F(s). Recall that the following rules hold for the
Laplace transform

s*F(s) = sf(0) = /(0).

—
)
~
~h:
S~—
~
—
V2l
N
I

Assuming that y(0) = §(0) = «(0) = 0 and applying the Laplace transform to the
differential equation (12.1), we obtain the algebraic equation

s2Y (s) 4+ 3sY (s) — 7Y (s) = —sU(s) + 2U(s). (12.2)
Thus we get the following relation between the Laplace transform of v and y:

—5+2

Y(S):52+3s—7

Ul(s). (12.3)

The rational function 52155*;37 is called the transfer function associated to the
differential equation (12.1).
This is the standard approach to transfer functions. However, this approach

faces some difficulties, especially when we want to extend the concept to partial

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 157
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differential equations. One of the difficulties is that the functions u and y have
to be Laplace transformable. Considering u as input or control and y as output,
the assumption that u is Laplace transformable is not very restrictive. However,
once u is chosen, y is given by the differential equation, and it is a priori not
known whether y is Laplace transformable. Another difficulty is that the Laplace
transform of a function only exists in some right half-plane of the complex plane,
which implies that equality (12.3) only holds for those s in the right-half plane for
which the Laplace transform of v and y both exist. The right-half plane in which
the Laplace transform of a function exists is named the region of convergence. Even
for the simple differential equation (12.1) equality (12.3) does not hold everywhere.
Taking into account the region of convergence of both u and y, equation (12.3)
can only hold for those s which lie right of the zeros of the polynomial s? + 3s — 7.
However, for applications it is important to know the transfer function on a larger
domain in the complex plane. For the finite-dimensional system (12.1) the transfer
function G is given by G(s) = 521?37";37 for all s € C, where s not a zero of s24+3s—7.
To overcome all these difficulties and to justify G(s) = &2:_53% on a larger
domain in the complex plane, we define the transfer function in a different way. We
try to find solutions of the differential equation which are given as exponential func-
tions. Again we illustrate this approach for the simple differential equation (12.1).
Given s € C, we try to find a solution pair of the form (u,y) = (€%, yse%);>0. If for
an s such a solution exists, and it is unique, then we call y, the transfer function of
(12.1) in the point s. Substituting this solution pair into the differential equation,

we obtain
s2yse’t 4 3sy.e’t — Tyse’t = —sest 4 2, t>0. (12.4)

We recognize the common term e** which is never zero, and hence (12.4) is equiv-
alent to
$2ys 4+ 3sys — Tys = —s + 2. (12.5)

This is uniquely solvable for y, if and only if s + 3s — 7 # 0. Furthermore, 7, is
given by y, = 752,

Hence it is possible to define the transfer function without running into math-
ematical difficulties. The same approach works well for p.d.e.’s and abstract dif-

ferential equations as the concept of a solution is well-defined.

12.1 Basic definition and properties

In this section we start with a very general definition of a transfer function, which
even applies to systems not described by a p.d.e, but via e.g. a difference differential
equation or an integral equation. Therefore, we first introduce the notion of a
general system. Let T := [0,00) be the time axis. Furthermore, we distinguish
three spaces, U, Y, and R. U and Y are the input- and output space, respectively,
whereas R contains the remaining variables. In our examples, R will become the
state space X. Since s € C, the exponential solutions will be complex-valued.
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Therefore we assume that U, R and Y are complex Hilbert spaces. A system & is
a subset of L ([0,00);U x RxY), i.e., a subset of all locally integrable functions
from the time axis T to U x R x Y. Note that two functions f and ¢ are equal in
Li ([0,00); U x R x Y) if f(t) = g(t) for almost every t > 0.

Definition 12.1.1. Let & be a system, s be an element of C, and ug € U. We
say that (upet,r(t),y(t))i>o is an ezponential solution in & if there exist 7o € R,
yo € Y, such that (uge®’, roe’t, yoet) = (upe®,r(t),y(t)) for a.e. t > 0.

Let s € C. If for every uy € U there exists an exponential solution, and
the corresponding output trajectory yoe®t,t € [0,00) is unique, then we call the
mapping ug — yo the transfer function at s. We denote this mapping by G(s).
Let € C C be the set consisting of all s for which the transfer function at s exists.

The mapping s € Q — G(s) is defined as the transfer function of the system &.
In our applications r will usually be the state x. We begin by showing that
the transfer function for the system
&(t) = Ax(t) + Bu(t), (12.6)
y(t) = Cz(t) + Du(t), (12.7)
see (10.16) and (10.17), where B, C and D are bounded operators and A generates

a strongly continuous semigroup, exists and is given by the formula G(s) = C(sI —
A)7IB + D, for s in the resolvent set, p(A), of A.

Theorem 12.1.2. Consider the linear system (12.6)—(12.7), with B, C, and D
bounded operators. The solution of the system is given by the mild solution, see
Theorem 10.2.1.

If (u(t), z(t), y(t))e>0 s an exponential solution of (12.6)—~(12.7), then x is a
classical solution of (12.6). Furthermore, for s € p(A), the transfer function exists
and is given by

G(s) =C(sI — A)"'B+ D. (12.8)
Proof. The mild solution of (12.6) with initial condition x(0) = z¢ is uniquely
determined and given by

t
z(t) = T(t)xo + / T(t — 7)Bu(r)dr. (12.9)
0
For an exponential solution this equation should equal
t
zoe®t = T(t)xg + / T(t — 7)Buge® dr. (12.10)
0

Taking 29 = (sI — A)~!Bug, the right-hand side of this equation can be written
as

T(t)xo + /Ot T(t—71)(sI — A)zoe’ dr

t
=T(t)zo + e / T(t—71)e > ") (sI — A)zodr.
0
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By Exercise 5.3 the infinitesimal generator of the Cyp-semigroup (T'(t)e™*"),-, is
given by A — sI. Applying Theorem 5.2.2.4 to the above equation we find that

t
T(t)xo + e / T(t—71)e ) (sI — A)zodr
0
=T(t)xo — e (T(t)e * 'z — x0) = € 0. (12.11)

Thus by choosing 79 = (sI — A)~!Bug, we obtain an exponential solution. We
show next that this solution is unique. If there are two exponential solutions for
the same ug and s, then by (12.10) we see that their difference satisfies

Toe® = T(t)To, t >0, (12.12)

for some &y € X. Thus % is an eigenvector of T'(t) for all ¢ > 0. Since the left-hand
side is differentiable so is the right-hand side. Thus &y € D(A) and A%y = sZo, see
also Exercise 8.5. Since s € p(A), this implies that Zo = 0. Thus the exponential
solution is unique.

The output equation of the system yields

yoet = y(t) = Cx(t) + Du(t) = Czpe® + Duge® = C(sI — A) ' Buge®* + Duge**

Thus for every s € p(A) the output trajectory corresponding to an exponential
solution is uniquely determined, and yo = C(sI — A)~*Bug + Dug. This implies
that the system possesses a transfer function on 2 = p(A) and the transfer function
is given by (12.8). O

Theorem 12.1.2 shows that for linear systems of the form (12.6)-(12.7) the
transfer function exists, and is given by G(s) = C(sI — A)~'B+ D. Unfortunately,
port-Hamiltonian systems can in general not be written in the form (12.6)—(12.7)
with bounded operators B, C' and D. However, by Theorem 11.3.2 every port-
Hamiltonian system is a boundary control system. In order to calculate the trans-
fer function of port-Hamiltonian systems, we first focus on transfer functions of
boundary control systems. Again we show that every exponential solution is a
classical solution.

Theorem 12.1.3. Consider the system

i(t) =Ax(t),  z(0) = o,
u(t) = Ba(t), (12.13)

where (A,B) satisfies the conditions of a boundary control system, see Definition
11.1.1 and € is a linear operator from D() to Y, where Y is a Hilbert space. The
solution of the state differential equation is given by the mild solution, see equation
(11.9).
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Every exponential solution of (12.13) is also a classical solution. Further-
more, for s € p(A), the transfer function exists and is given by

G(s) =&(sI — A~ (AB — sB) + ¢B. (12.14)

For s € p(A) and ug € U, G(s)ug can also be calculated as the (unique)
solution of

STy = Qll’o,
Uy = %330, (12.15)
G(s)ug = Cxy,

with zo € D(A).
Proof. By (11.9) the mild solution of (12.13) is given by

x(t) = T(t)(xo — Bu(0)) + /0 T(t— 1) (ABu(r) — Bu(r)) dr + Bu(t).

Assuming that (u(t),z(t),y(t))i>0 is an exponential solution, the above equation
becomes

t
e*txg = T(t)(zo — Buo) +/ T(t—7) (ABe " ug — Bse* ug) dr + Be*'ug. (12.16)
0

Applying the Laplace transform, for A € C with Re(\) > max{Re(s),wo}, where
wo is the growth bound of the semigroup (7'(t)),,, we obtain

To
A—s

— (A — A) Yz — B A — At (a0 g o B0
(A = ) o = Buo) + (O = )7 (B = B ) 4

or equivalently,

xOfBug
A—s

- NS et up o, sug
= ()\I A) (.2?0 BUO) + ()\I A) (Q[B)\ s B}\ — S) .

This implies that zo — Bug € D(A), and
(M — A)(zg — Bug) = (o — Bug)(A — s) + ABug — Bsuy.
Subtracting the term A(zo — Bug) from both sides, we obtain
(sI — A)(xp — Bug) = ABugy — Bsuy, (12.17)
or equivalently, for s € p(A), x¢ is uniquely determined as

xo = (sI — A)~" (AB — sB) ug + Buo. (12.18)
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Hence this shows that if we have for s € p(A) an exponential solution (u(t), z(t))i>0
= (uoe“,xoe“)tzg, then the zq is uniquely determined by wg. Starting with zq
defined by (12.18) and reading backwards, we see from equation (12.16) that x(t) =
zoest is the solution for u(t) = uges’.

By (12.18) we have that xg — Bug € D(A) and since u € C?([0,00);U),
Theorem 11.1.2 implies that x is a classical solution of (12.13). In particular, for
all t > 0, z(t) € D(2(). By assumption the domain of € contains the domain of 2.
Hence yoe®t = y(t) = €x(t), holds point-wise in ¢. The choice ¢ = 0 implies yo =
Cxo. Combining this equality with (12.18), we obtain that the transfer function is
well-defined and is given by (12.14).

Since z(t) = wpe®® is the classical solution corresponding to the input u(t) =

upe* and the initial condition x(0) = zo, the differential equation (12.13) reads

szoe’t = Axpe?,
U0€St = %I0€St,
yOeSt = €',I:Oegt7

which is equivalent to equation (12.15). The uniqueness of yo follows from the
uniqueness of zg, see (12.18). O

We close this section by calculating the transfer function of a controlled
transport equation.

Example 12.1.4. Consider the system

Ox Ox
¢ (Gt = a_g(c’t)’ ¢elo,1], t>0, (12.19)
(¢, 0) = z0(¢), ¢€l0,1],
u(t) = z(1,¢), t>0,
y(t) = x(0,1), t>0.

If we define €x = x(0), then it is easy to see that all assumptions of Theorem 12.1.3
are satisfied, see Theorem 11.3.5. Hence we can calculate the transfer function
using equation (12.15). For the system (12.19), equation (12.15) reads

s20(¢) = %(c),
ug = 2130(].),

G(s)ug = z0(0).

The solution of this differential equation is given by zo(¢) = ae*¢. Using the other

two equations, we see that G(s) = e~ *.
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12.2 Transfer functions for port-Hamiltonian systems

In this section we apply the results of the previous section to the class of port-
Hamiltonian systems. Due to the fact that every port-Hamiltonian system is
a boundary control system provided the corresponding operator A generates a
Cy-semigroup, it is a direct application of Theorem 12.1.3. Recall that a port-
Hamiltonian system with boundary control and boundary observation is given
by

%(C’t) - Pla% (H(Qx(C,1)) + Po(H (O (G, 1)), (12.20)
)
)} ) (12.21)
)

y(t) = We La ( t)} : (12.22)

see (11.28)—(11.30). It is assumed that (12.20)—(12.21) satisfy the assumption of
a port-Hamiltonian system, see Section 11.3. Further we assume that WpXW7 >
0, where ¥ = [9!]. This guarantees that (12.20)-(12.21) is a boundary control
system, see Remark 11.3.3.

We assume we have k (independent) measurements, i.e., We is a full rank
matrix of size k£ x 2n and [%ﬁ] is of full rank.

Theorem 12.2.1. The transfer function G(s) of the system (12.20)-(12.22) is
uniquely determined by

Sxro = PldiC(on) + Po(on), (12.23)
up = Wp [fgﬂ ; (12.24)
G(s)uo = We Kzﬂ : (12.25)

where

[fiﬂ = fo miﬁg ((Z))} : (12.26)

This transfer function has the following properties:

1. If Py, P1,Wg, and W¢ are real matrices and H is real-valued, then G(s) is
a real matrixz for real s.

2. If we have full measurements, i.e., k = n, then the transfer function satisfies
the equality

Rl = 5 [0 w66 Pwoe |5, | 22)

where Py, we is the inverse of [%E} X[ws wel.
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Proof. The proof is a direct combination of Theorems 11.3.5 and 12.1.3. The first
theorem implies that the system (12.20)—(12.22) is a well-defined boundary control
system and that the output equation is well-defined in the domain of the system
operator 2. Hence all conditions of Theorem 12.1.3 are satisfied, and equation
(12.15) for the port-Hamiltonian system reads (12.23)—(12.25).

1. To prove the assertion in part 1, we need some notation. We denote by v the
element-wise complex conjugate of the vector v. Similarly, for the matrix . With
this notation we find from equation (12.23) that

d —_— d
STy = STy = Pld—C(on) + P()(HQZ()) = Pld—C(HLE_()) + PU(HI_U),
where we have used that s, Py, Py and H are real-valued. Similarly, we find
uy = Wg @ ,
1€0,0]

G(S)_OZWC fB,O ,

where - B
D)= |G )

Thus G(s) satisfies the equations (12.23)—(12.26) with wug replaced ug. However,
ug is arbitrary, and so we see that G(s) is also the transfer function at s. Since
the transfer function is unique, we conclude that G(s) = G(s) and thus G is
real-valued.

2. The transfer function is by definition related to the exponential solution
(upe, moe™,  G(s)upe™)io.

Hence if we have full measurement, then we may substitute this solution in (11.32).
Dividing by e?Re(®)t gives (12.27). O

By (12.23)-(12.25), the calculation of the transfer function is equivalent to
solving an ordinary differential equation. If H is constant, i.e., independent of (,
this is relatively easy. However, in general it can be very hard to solve this ordinary
differential equation analytically, see Exercise 12.2.

In Theorem 12.2.1 we assumed that there are exactly n controls. However,
this does in general not hold and the transfer function can also be calculated if
some of the boundary conditions are set to zero. There are two possibilities to
calculate the transfer function in this more general situation. Exercise 11.4 shows
that this more general system satisfies all the conditions of Theorem 12.1.3, and
hence Theorem 12.1.3 can be used to obtain the differential equation determining
the transfer function. Another approach is to regard the zero boundary conditions
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as additional inputs, and to add extra measurements such that we have n controls
and n measurements. The requested transfer function is now a sub-block of the
n X n-transfer function. We explain this in more detail by means of an example,
see Example 12.2.3. Note that (12.27) equals the balance equation (7.16).

Example 12.2.2. Consider the following partial differential equation

Or ., O
a(gat) - 8( (Cat)a C € [avb]a t> 03
(¢, 0) = 20(¢), ¢ € la,0], (12.28)
) =b(b)x(bt),  t=0,

y(t) =b(a)z(a,t), =0,

where § : [a,b] — R is a (strictly) positive continuous function. It is easy to see
that this is a port-Hamiltonian system with P, = 1, Py = 0, and H = §. The
energy balance equation (7.16) becomes

d [t

& [ (G 070((C, 1) dC = Ib(®)a(b, O ~ (@)e(a, 1) (12.29)
We derive the transfer function by applying Theorem 12.2.1 to the partial differen-
tial equation (12.28). Thus we obtain the following ordinary differential equation

s20(Q) = 020 ¢ elatl
uo = b(b)0(0), (1230

G(s)uo = h(a)zo(a).

The solution of this differential equation is given by

= C—OGX S
zo(¢) = b0 p(p(¢)s),

where ¢q is a constant not depending on ¢, and

¢
p(C) = / b(a)~'da.

The second equation of (12.30) can be used to calculate ¢g. Using the third equation
of (12.30) we obtain

G(s) = e7P®)s, (12.31)
The strict positivity of § on [a, b] implies that |G(s)| < 1 for all s with non-negative
real part. This result also follows from the balance equation (12.29) without calcu-

lating the transfer function as follows. Since every exponential solution is a classical
solution, for the exponential solution (uge®’, zoe, G(s)upe®);>¢ we obtain

b
G 100" bC)0(¢) d6 = uoe' P = G5 uae' (12.32)
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Using the fact that |e|? = e2Re(9)t equation (12.29) implies that for all ug and
all s € C with Re(s) > 0 we have that |G(s)ug|? < |ug|?. Since ug is a scalar, we
conclude that the absolute value of G(s) is bounded by 1 for Re(s) > 0.

Example 12.2.3. Consider the vibrating string of Example 11.3.6, as depicted in
Figure 12.1. Again we assume that we control the forces at both ends, and mea-

MUQ

Figure 12.1: The vibrating string with two controls

sure the velocities at the same points. However, now we assume that the Young’s
modulus 7" and the mass density p are constant and that our spatial interval is
[0,1]. Hence the model becomes

Gren=2 (r5en). el (12.33)
T2%(1,t)
u(t) = T%(o,t) ] , (12.34)

y(t) = [ Z_Zgl’t) ] : (12.35)

Here w((, t) is the vertical position of the string at position ¢ and time ¢. We write

w
this system using the state variable x = [pﬁ }, and find
a¢

8331

_ 9 Oxy _ 0 .’171(C,t)
2 (G = o (Ta2(C,t) 57 (G 1) = a (T) , (12.36)

} , (12.37)
} . (12.38)

In order to calculate the transfer function we have to solve the ordinary differential
equation

dzxa 1dxy
sz10(¢) = T— C“ © sea(Q) =2 C“ ©), (12.39)
U1l TCEQ (].)
w= o] = [l (12.40)

- Exw%ﬂ . (12.41)
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It is easy to see that the solution of (12.39) is given by

A A
210(¢) = ae™ + Be ¢ a90(¢) = %6*54 - %e*“f, (12.42)

where A = /%, and «, 8 are complex constants.
Using equation (12.40) we can relate the constants o and 3 to o,

a by 1 _e—/\s
M e L o } "o, (12.43)
Combining this with (12.41), gives
_ A N 4 e A8 -2
Yo = p(ers — e=As) 2 e
Thus the transfer function is given by
A\ 1 1
G(S) -2 tanhl()\s) smhl()\s) ) (1244)
P | sinh(Xs) ~ tanh(X\s)

Using now the balance equation (11.38), we find

2Re (s)|[zo]|” = Re (uipy10) — Re (u39y20)
= Re (UTOGH(S)UIO + UTOGlz(S)Ugo)
— Re (U;OGgl(S)UqO + U;OGQQ(S)UQ()). (12.45)

Choosing uzg = 0, we conclude that the real part of G1;(s) is positive for Re(s) >
0. An analytic function f on CJ := {s € C | Re(s) > 0} which satisfies Ref(s) > 0
for Re(s) > 0 and f(s) € R for s € (0,00), is called positive real. Since physical
parameters are real, we conclude from Theorem 12.2.1 that the transfer function
is real-valued for real s. Using the fact that G;; is analytic on s € (Car, equa-
tion (12.45) implies that Gy is positive real. This can also be checked by direct
calculation on G11(s) = ﬁho\s).

Next we consider the system defined by the p.d.e. (12.33) with input u(t) =
T%—%’(O, t), output y(t) = %—72’(1, t) and boundary condition T%—lg(l, t) = 0. We could
proceed as we did above. However, we can easily obtain the transfer function by
choosing w19 = 0 in (12.40) and only considering 10 in (12.41). Hence the transfer

function of this system is A NEE

12.3 Exercises

12.1. Consider the vibrating string of Example 7.1.1. Thus in particular, we choose
%—”“t“(a, t) = 0. We control this system by applying a force at the right-hand
side u(t) = T(b)%;hg“(b7 t) and we measure the velocity at the same position,

Le., y(t) = 22(b,1).
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(a) Show that the transfer function is positive real.
Hint: See Exercise 11.3

(b) Determine the transfer function for the case that the functions p and T'
are constant.

(c) Next choose T'(¢) = €%, and p(¢) = 1, and determine the transfer func-
tion for this case.
Hint: You may use a computer package like Maple or Mathematica.

12.2. Consider the system of the transmission line of Exercise 7.1. As input we
take the voltage at the right-hand side, and as output we take the current
at the left-hand side. Furthermore, the voltage at the left-hand side is set to
Zero.

Determine the transfer function under the assumption that the capacity
C' and the inductance L are constant.

Hint: See also Exercise 11.2.

12.3. In this exercise we prove some well-known properties of transfer functions.
Let &1 and &5 be two systems, i.e, &1 C Llloc([(), 00); U x Ry x Y1) and &5 C
Llloc([(), 00); U X Ry X Ys). Assume that for a given s € C both systems have a

transfer function. Furthermore, we assume that for both systems the output

is determined by the input and the state, that is, if (uge®*, roes, y(t))i>0 € S,

then y(t) = yoest for some yg and for almost every ¢ > 0.

(a) Show that for boundary control systems the output is determined by
the input and the state, see Theorem 12.1.3.

(b) Assume that Y; = Us. The series connection Ggeries C Lt ([0, 00); Uy %

loc

(R1 X R2) x Y2) of &1 and &, is defined as follows, see Figure 12.2,

(u1, (r1,72),92) € Sgeries if there exists a y; such that
(u1,71,91) € &1 and (y1,72,92) € Ga.

Show that the series connection Ggepies has the transfer function G(s) =
G2(s)G1(s) at s.

—u s, Y 2l o, Y2

Figure 12.2: Series connection

(c) Assume that Uy = Uy and Y7, = Y5. The parallel connection Gparatier C
Li ([0,00); Uy x (Ry x Ry) x Y2) of &1 and &3 is defined as follows:

(u1,(r1,72),y) € Gparallel if there exists a y; € Y and y» € Y5 such that
(u1,71,91) € 61, (u1,72,92) € Gz,and y = y1 + yo.
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Show that the parallel connection Gp,ranel has the transfer function
G1(s) + Ga(s) at s.

Y1

U]_ 61

Y2

u2 62
Figure 12.3: Parallel connection

(d) Assume that U; = Y3 and Yy = Us. The feedback connection Gseedback C
L%OC([O,OO); Uy x (R1 X R2) x Y1) of &1 and G5 is defined as follows:

(u, (11,72),Y1) € Gfeedback if there exists a u; and ys such that
(u1,71,91) € &1, (y1,72,92) € G2,and uy = u — ya.

Show that the feedback connection Ggeeqback has the transfer function
G1(s) - (I + Ga(s)G1(s)) " at s, provided I + Ga(s)G1(s) is invertible.

1 U7 S, Y1 Y

Y2 uz
So

Figure 12.4: Feedback connection

12.4 Notes and references

The idea for defining the transfer function via exponentially solutions is old, but
has hardly been investigated for distributed parameter systems. [64] was the first
paper where this approach has been used for infinite-dimensional systems. We note
that in this paper a transfer function is called a characteristic function. One may
find the exponential solution in Polderman and Willems [47], where all solutions
of this type are called the exponential behavior.

The formula for the transfer function, G(s) = C(sI —A)~! B+ D can also eas-
ily be derived using the Laplace transform, see e.g. [10]. However, via the Laplace
transform approach the function is only defined in some right half-plane and not
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on the whole resolvent set of A. In finite-dimensional spaces the transfer func-
tion is rational, and there are no mathematical difficulties. Therefore, the transfer
function can easily be extended to p(A). The situation is different for infinite-
dimensional spaces, since transfer functions can contain terms like /s, and for
these functions it is less clear how to extend them.

Positive realness is a well-studied property of transfer functions, see e.g. [1].
It first appeared in the study of electrical networks. Any (ideal) electrical net-
work consisting of inductors, capacitors, and gyrators has a positive real transfer
function, and even the converse holds, i.e., every (rational) positive real transfer
function can be realized by such a network, see e.g. [2]. Our examples show that
this property appears quite often and that positive realness is closely related to
the energy balance.



Chapter 13

Well-posedness

The concept of well-posedness can easily be explained by means of the abstract
linear system X (A, B,C,D) introduced in Section 10.2, that is, for the set of
equations

x(t) = Ax(t) + Bu(t), x(0) = xo, (13.1)
y(t) = Cz(t) + Du(t), (13.2)

where z is a X-valued function, u is an U-valued function and y is a Y-valued
function. The spaces U, X and Y are assumed to be Hilbert spaces. Further, the
operator A is assumed to be the infinitesimal generator of a Cp-semigroup, and
B,C, and D are bounded linear operators. Under these assumptions the abstract
differential equation (13.1)—(13.2) possesses for every u € L'([0,7];U) a unique
(mild) solution, see Theorem 10.2.1. Since L%([0,7];U) C L'([0,7];U) for 7 < oo,
the same assertion holds for v € L?([0,7];U). Existence of (mild) solutions for
an arbitrary initial condition g € X and an arbitrary input u € L2([0,7];U),
such that z is continuous and y € L2([0, 7];Y) is called well-posedness. Under the
assumption that B,C, and D are bounded linear operators, the system (13.1)—
(13.2) is well-posed if and only if A is the infinitesimal generator of a Cp-semigroup.
The aim of this chapter is to extend this result to our class of port-Hamiltonian
systems.

13.1 Well-posedness for boundary control systems

In this section we turn to the definition of well-posedness. Although well-posedness
can be defined in a quite general setup, see the notes and references section, we
restrict ourselves to the class of boundary control systems as introduced in Chapter
11. We showed that boundary control systems in general cannot be written in
the form (13.1)—(13.2) with B,C, and D bounded. However, we know that for
every initial condition and every smooth input function there exists a (unique)

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 171
Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1 13,
© Springer Basel 2012
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mild solution of the state differential equation given by (11.9). Furthermore, from
Theorem 11.2.1 follows that for smooth initial conditions and smooth inputs the
output is well-defined. In the following example we see that the solution can often
be extended to a larger set of initial conditions and input signals.

Example 13.1.1. Consider the controlled transport equation on the interval [0, 1]
with scalar control and observation on the boundary

ox ox

E(Cat) = 8_<(Ca t)v IIZ(C,O) = xO(C)a C € [07 1]7 (133)
u(t) - x(]-a t)a (134)
y(t) = z(0,7). (13.5)

From Example 11.1.4 follows that the mild solution of (13.3)—(13.4) is given by

z(C,t) =

{xo(Cth), CH+t<1, 15.6)

uw(+t—1), ¢+t>1

For every t > 0 the function z(-,t) is an element of X = L2(0,1), whenever
u € L?*(0,7) and x9 € X. Furthermore, x(-,t) is a continuous function in ¢, i.e.,
lx(-,t) — x(-,t + h)|| converges to zero when h converges to zero, see Exercise
6.3. Hence the mild solution (13.6) can be extended from controls in H'(0,7) to
L?(0,7). If 29 and u are smooth, then we clearly see that y(t) is well-defined for
every t > 0 and it is given by

~Jaot),  o0<t<1,
y(t) = {u(t —1), t>1. (13.7)

However, if zg € L?(0,1) and u € L?(0,7), then the expression (13.7) still implies
that y is well-defined as an L2-function.

Summarizing, we can define a (mild) solution for (13.3)—(13.5) for all zg € X
and all u € L?(0,7). This solution defines a continuous state trajectory in the
state space, and an output trajectory which is square integrable on every compact
time interval. Hence this system is well-posed.

In the previous example we showed well-posedness for a transport equa-
tion with control and observation at the boundary. Next we formally define well-
posedness for the boundary control systems introduced in Section 11.1 and 11.2.
Thus the system is given by

x(t) = Ax(t) z(0) = xo, (13.8)
Br(t) = u(t), (13.9)
Cx(t) = y(t). (13.10)

As in Chapter 11 we need the following assumptions, see also Definition 11.1.1.
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Assumption 13.1.2. The operators defining system (13.8)—(13.10) satisfy:

L.A: DAY CX X, B:DB)CX —=>U,C: DA CX —Y are linear
operators, D(2l) C D(8), and X, U, Y are Hilbert spaces.

2. The operator A : D(A) — X with D(A) = D(2l) Nker(B) and
Az =Ax for x € D(A) (13.11)

is the infinitesimal generator of a Cy-semigroup (T'(t));>0 on X.

3. There exists an operator B € L(U,X) such that for all v € U we have
Bue D), AB € L(U, X) and

BBu = u, ue U. (13.12)

4. The operator € is bounded from the domain of A to Y. Here D(A) is equipped
with the graph norm.

We remark that Condition 4 was not required in Theorem 11.2.1. However,
all the examples will satisfy this condition.

Definition 13.1.3. Consider the system (13.8)—(13.10) satisfying Assumption 13.1.2.
We call this system well-posed if there exist a 7 > 0 and m, > 0 such that for all
zo € D(A) and u € C*([0,7]; U) with u(0) = By we have

()l + / " ly)l2de < m, (||xo||%< n / ' ||u<t>||2dt) . (13.13)

In general it is not easy to show that a boundary control system is well-posed.
However, there is a special class of systems for which well-posedness can be proved
easily. This result is formulated next.

Proposition 13.1.4. Assume that the boundary control system (13.8)—(13.10) sat-
isfies Assumption 13.1.2. If every classical solution of the system satisfies

%le(t)ll2 = [lu®I* = ly @), (13.14)

then the system is well-posed.

Proof. Tf we integrate equation (13.14) from 0 to 7, we find that

l=(7)II* = 2 (0)]* = /OT lu(t)]|? dt — /OT ly(®)]1* dt,

which implies (13.13) with m, = 1. O
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In this special case the boundary control system satisfies (13.13) for every
7 > 0. In Theorem 13.1.7 we show that this holds for every well-posed boundary
control system. Furthermore, if a boundary control system is well-posed, then we
can define a (mild) solution of (13.8)—(13.10) for all zg € X and u € L*([0,7];U)
such that ¢ — x(t) is a continuous function in X and y is square integrable. To
prove these statements we need the following lemmas for classical solutions of the
system (13.8)—(13.10).

Lemma 13.1.5. Assume that the boundary control system (13.8)—(13.9) satisfies

conditions 1, 2, and 3 of Assumption 13.1.2, xg € X, and u € C*([0,7];U). Then
the mild solution x of the boundary control system can written as

x(t) =T (t)xo + /t T(t— s)ABu(s)ds — A /t T(t — s)Bu(s) ds. (13.15)
0 0
Proof. For u € C'([0,7]; U) Corollary 10.1.4 implies
T(t)Bu(0) + /0 T(t — s)Bu(s)ds — Bu(t) = A/o T(t — s)Bu(s) ds.

Combining this with the formula for the mild solution, see (11.9), we obtain
(13.15). O

Formula (13.15) holds in particular for classical solutions of boundary control
systems if 2o € D(), and u € C%([0,1]; U) with Bxg = u(0). For the proof of
Theorem 13.1.7 we need certain properties of these classical solutions. The proof
is left as an exercise to the reader, see Exercise 13.5.

Lemma 13.1.6. Consider the boundary control system (13.8)—(13.10) satisfying
conditions 1, 2, and 3 of Assumption 13.1.2, and let t; > 0. For zy € D(21), and
u € C*([0,t1];U) with Bxo = u(0) we denote the corresponding classical solution
by x(-; o, u) and y(t; xo,u), see Theorem 11.2.1, respectively. Then the following
results hold:

1. The functions x(-; xg,u) and y(-; zo,u) depend linearly on the initial condition
and on the input, i.e., for all 1,15 € D(A) and uy,uz € C*([0,t1];U) with
By = u1(0), Brs = uz(0) and «, S € K there holds

x(t; axy + Bra, euy + Puz) = ax(t; 1, ur) + B(t; x2, us), t €1[0,4]
(13.16)
and a similar property holds for y(t; xo,u).

2. The system is causal, i.e., if g € D(), and uy € C%([0,t1];U) with Bxg =
u1(0) and if ug € C%([0,t1];U) satisfies ui(t) = uz(t) for 0 <t < 7 < ty,
then

’I(t;l’o,ul) = ’l,’(t;:l,’o,’[l,g), t e [O,T], (1317)
y(t; xo,ur) = y(t; xo, uz), te[0,7]. (13.18)
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3. For zg € D), u € C?([0,t1]; U) with Bxg = u(0) there holds

x(m + 12520, u) = x(11;2(72), u(- + 72)), (13.19)
y(m1 + 12520, u) = y(m1; 2(72), u(- + 72)) (13.20)

where
2(12) = x(723 20, u), (13.21)

with 71,72 > 0, and 71 + 19 < t;.

The following theorem shows that if (13.13) holds for some 7 > 0, then
(13.13) holds for all 7 > 0. However, note that the constant m., depends on 7.

Theorem 13.1.7. If the boundary control system (13.8)—(13.10) satisfying Assump-
tion 13.1.2 is well-posed, then for all T > 0 there exists a constant m,; > 0 such
that (13.13) holds.

Proof. Step 1. Using Theorem 11.2.1 and Lemma 13.1.6, for every ¢ > 0 we can
define the linear operator S(t) : D(S(t)) € X & L2([0,t];U) — X & L%([0,t];Y)

N S(t) [gﬂ = [zg zgzﬂ , (13.22)
with

D(St)={[%] € Xa&L*([0,t};U) | o € D(A),u € C*([0,t];U), Bxo = u(0)}.
(13.23)
Here « is the classical solution of the boundary control system and y is the corre-
sponding output. For [] € X & L?([0,]; Z) with Z a Hilbert space, we define the

I 1

As the boundary control system is well-posed there exist 7o > 0 and m.,, > 0 such

that

o

u
for [%2] € D(S(79)). Since S(7p) is densely defined, there exists a unique bounded
extension S(79) with norm less than or equal to \/m,,. Equation (13.22) implies

t
= ok + / 1£(6) 13t
L 0

2
X,L2

2 2

< My,
X,L?

oo [ ]

u

ey

Y(705 20, u)

X,L? X,L2

that the extension S(79) can be written as

S(m0) = [ g;g:‘;; } , with S(7p) = { g;gg; } . (13.24)
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Step 2. In this step we prove that for A € p(A) and [%?] € X @ L%([0,t];U) the
following holds:

(M — A)~S; (7o) [iﬂ =T(7)(M — A) " g (13.25)
+/TT(T —5) (A= A)7'AB — AN\ — A)"'B) u(s) ds.
0

Using the definition of Si(7p), see (13.24), and Lemma 13.1.5, (13.25) holds for
[%0] € D(S(79)). Since D(S(7)) is dense in X & L?([0, 79]; U), and since both sides
of equation (13.25) are well-defined for 2o € X and u € L?([0, 7o]; U) we conclude
that this equality holds for all initial conditions and all input functions.

For functions f, g € L?, we define

) f), t<T,
(fO9)t) = {g(t ot (13.26)

Step 3. Next we show that S;(7) has a bounded extension for 7 € (0,79). Let
7 € (0,79) be arbitrary. We define the operator S;(7) by

TO—T

N [ o
51(T)|: U :| =T (7)xo + S1(70) 0O u |- (13.27)

Note that S;1(7) is defined by (13.27) and that we will only show in the sequel
that Si(7) is indeed the bounded extension of S;(7). Clearly Si(7) is a bounded
operator from X @ L?([0, 7]; U) to X. It remains to show that Sy (7) is an extension
of 81 (T)

For A € p(A) and [%?] € X & L*([0,7); U), (13.27) and (13.25) imply

u

(AL — A)~'S(7) FO}

TO—T

= (M — A)7'T(T)zo + (M — A) "' S1(0) [ 0 g u ]
= (M — A~ (7) 0
+ /m T(ro—s) (M —A)7'AB — AN — A)"'B) (0 O u)(s)ds
0 TO—T

=\ — A)7'T(1)xo

+ /T T(r—s) (M — A)"'AB — A(M — A)"'B) u(s) ds. (13.28)

Using Corollary 10.1.4, for [%°] € D(S(7)) the integral maps into D(A), and thus



13.1. Well-posedness for boundary control systems 177

we obtain

(A — A8 (1) [‘ﬂ = (M — AT (r)zo

+ (M — A / T (1 — s)ABu(s)ds — (M — A)*lA/ T(m — s)Bu(s)ds.
0 0
Multiplying from the left by (Al — A), we obtain that, for [%?] € D(S(r)),
S1(7) [iﬂ =T(7)xg +/ T(T — s)ABu(s)ds — A/ T(7 — s)Bu(s)ds. (13.29)
0 0

By Lemma 13.1.5, the right-hand side equals the classical state trajectory of the
system (13.8)—(13.10). Thus by the definition of S(7), see (13.22), we obtain

Si() [gﬂ = Si(7) [“ﬂ , [gﬂ e D(S()).

Thus S;(7) is the unique bounded extension of S1(7) to X & L*([0,7];U).
Step 4. Let 7 € (0,70). We assume that [30],[42] € D(S(10)) satisfy uq (t) = ua(t)
for all ¢ € [0, 7]. By Lemma 13.1.6, we obtain

Satm) | 20 ] (0 = atm) |

uy - }(t)a t€0,7]. (13.30)

U2

Thus the bounded extension Sz (1) satisfies for all zg € X and uq, uz € L2([0, 70]; U)
with uy(t) = ua(t) a.e. for t € [0, 7],

Sa(m0) { o0 } (t) = Sa(m0) { o0 } (t),  forae. tel0,7]. (13.31)
Ul U2
Step 5. Let [%°] € D(S(7)) and define uey; € C2([0,70); U) as a C*-extension of u,

i.e., text(t) = u(t) for t € [0,7]. Then it is easy to see that [, ° ] € D(S(70)). By
Theorem 11.2.1 for ¢ € [0, 7],

<52(T) { “ZJ D (t) = <52(TO) [ uxit D ®). (13.32)

Using (13.31), (13.32), and the estimate (13.13) we obtain

x 2 x 2 — | o ?
sl 21 Aol 2 ] ] )
L2(0,7) ext | |lz2(0,m) Y L2(0.7)
- Zo 2
< |S2(70) | woo
T L2(0,70)

< Mz (”xOH2 + ||u<20||%2(0,7'0)>

= e, (Jlzoll® + ul320.r)) -
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Thus Sz(7) possesses a linear bounded extension from X @ L2([0,7];U) to
L?([0,7];Y). Combining this fact with the result of Step 3, we may conclude that
(13.13) holds for 7 with m, = ||S(7)]|.

Step 6. Next we show that (13.13) holds for 7 > 75. We first assume that 7 €
(70, 270], and we write 7 = 79 + t; with ¢; € (0,70]. For [%°] € D(S(r)) it is easy
to see that [ o } € D(S(19)). Using equations (13.19)—(13.21), the following

ul [0,70]
equations hold:

§i(7) { %o } _ Si(t) { i } , (13.33)

(S( ) { u D 0= <82(t1) (iiﬂjr).) )(t), t € (10,7] e
where
2(10) = S1(m0) [ uﬁfm] } . (13.35)

Using these equations and the boundedness of the operators m, m, t € (0,79),
we may conclude that the operators S;(7) and Sz(7) possess bounded extensions
from X @ L?([0,7];U) to X and to L%([0,7];Y), respectively. Therefore, (13.13)
holds for 7 with m, = ||S(7)||. The general case 7 > 27, follows by induction. O

In the proof of the previous theorem we have introduced the operators S(t)
mapping the initial condition and input to the state at time ¢ and the output on
the time interval [0, ¢]. If the boundary control system is well-posed, then we may
extend S(t) to a bounded linear operator from X & L?([0,t]; U) to X & L2([0,t];Y)
and we can decompose the operator S(t

(t) as
S(t) = E ) Sia(t) } . (13.36)

{321 ) Sl(t)

Equation (13.27) implies that S11(¢) equals the semigroup at time ¢. We are now
in the position to extend the definition of a mild solution, see Section 11.1.

Definition 13.1.8. Let (13.8)-(13.10) be a well-posed boundary control system with
input space U and output space Y and let S(t) be decomposed as in (13.36). For
x € X and u € L2([0,7];U) the mild solution of (13.8)—(13.10) is given by

x(t) = Sll(t)z() -+ Slg(t)u, te [0, 7‘], (1337)
Yy = 821(7')370 + SQQ(T)U.
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Remark 13.1.9. For a fixed 7 > 0 it follows from the proof of Theorem 13.1.7 that
there exists a constant m, > 0 such that for every ¢ € (0, 7] we have ||S12(t)u|| <
m||ul]. Combining this observation with the fact that the classical solutions are
continuous, it is easy to show that the state trajectory = of a mild solution of
(13.8)—(13.10) is continuous. Note that the output is only square integrable. The
mild state space solution defined in Definition 13.1.8 extends the mild solution as
defined by (11.9). The fact that Si1(t)zo + S12(t)u equals (11.9) for zp € X and
u € H([0,7];U) can be shown as in Step 3 of the proof of Theorem 13.1.7.

In Chapter 12 we showed that the boundary control system (13.8)—(13.10)
possesses a transfer function. Using Theorem 12.1.3 we conclude that this func-
tion is defined on the resolvent set of A. Since A generates a Cy-semigroup, the
resolvent set contains a right half-plane, see Proposition 5.2.4, which implies that
the transfer function exists on some right-half plane. Furthermore, the transfer
function is bounded as Re(s) — oo for a well-posed system.

Lemma 13.1.10. If G is the transfer function of a well-posed system, then
1G(s)]| < v/mr (13.38)
for Re(s) > %, where T and m, are the constants of equation (13.13).

Proof. Choose s € C such that m, < [e?*7|, i.e., Re(s) > %. For this
fixed s € C and an arbitrary ug € U we consider the exponential solution
(upe®, zoe®, G(s)upe)>o. Inequality (13.13) implies that

T T
ol + [ 16l Pt < me (Lol + [ fuolPle P )
0 0
T
<17 aolfy + me [ JuolPle”
0

This inequality shows that [|G(s)uo|* < m.|lue|/®. Since ug is arbitrary, we con-
clude that (13.38) holds. O

Although the transfer function is bounded on some right half-plane, this
does not imply that the transfer function converges along the real axis. If it does
converge, then the boundary control system is called regular.

Definition 13.1.11. Let GG be the transfer function of a well-posed boundary control
system. The boundary control system is called regular if limsepr s—o0 G(S) exists.
If the boundary control system is regular, then the feed-through term D is defined
as D = limyer s—y00 G(3).

Well-posed regular boundary control systems are closed under a class of out-
put feedback operators and bounded perturbations of the generator. These results
were first obtained by G. Weiss. The proofs of these result lie outside the scope of
this chapter, and we refer the interested reader to [60] or [51].
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Figure 13.1: The closed loop system

Theorem 13.1.12. Assume that the boundary system (13.8)—(13.10) satisfying As-
sumption 13.1.2, denoted by S, is well-posed. We denote the corresponding transfer
function by G. Let F be a bounded linear operator from Y to U and assume that
the inverse of I+ G(s)F exists and is bounded for s in some right half-plane. Then
the closed loop system as depicted in Figure 13.1 is again well-posed, that is, the
boundary control system

(1) = Ax(t) (13.39)
u(t) = (B + FE)z(t) (13.40)
y(t) = Cx(t) (13.41)

satisfies Assumption 13.1.2 and it is well-posed. If the boundary control system &
1s reqular, then the closed loop system is regular as well. The operator F is called
a feedback operator.

Remark 13.1.13. A feedback operator can be used to stabilize a system. More
precisely, a feedback operator changes the operator 9, that is, if we start with
an unstable system, then via a clever choice of the feedback operator F' we may
stabilize the system. For instance, in Example 9.2.1 the boundary condition (9.28)
can be interpreted as a feedback relation. Namely, the input (force at the right-
hand side) is equal to the feedback, —k, times the output (velocity at the right-
hand side).

Lemma 13.1.14. Consider the boundary system (13.8)—(13.10) satisfying the condi-
tions of Assumption 13.1.2, and let Q) be a bounded operator on X, i.e., Q € L(X).
This system is well-posed if and only if the system

(1) = Ax(t) + Qu(t) (13.42)

with inputs and outputs given by (13.9)—(13.10) is well-posed.
Let G denote the transfer function of (13.8)—(13.10) and Gq the transfer
function of (13.42) with (13.9)~(13.10). Then

seﬂéggoo G(S) - sG]l%}ggoo GQ(S)’ (1343)
and
lim G(s)= lim Gg(s). (13.44)

Re(s)—o0 Re(s)—o0
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13.2 Well-posedness for port-Hamiltonian systems

We now turn our attention to the class of port-Hamiltonian systems with bound-
ary control and boundary observation as introduced in Sections 11.3, that is, to
systems of the form

G 60 = P (a6, ) + Pa(H(O2(6.0), (13.45

u(t) = W, [ggﬂ , (13.46)

0=MWgs [fgg:ﬂ , (13.47)

y(t) = We [({Zgg} . (13.48)

We assume that Pp, H and Wp = Wﬁﬂ satisfy Assumption 11.3.1. Thus in

particular, for a.e. ¢ € [a,b], H(C) is a self-adjoint n X n matrix satisfying 0 <
ml < H(¢) < MI. Furthermore, Wp := [%ﬁ;} is a full rank matrix of size

n x 2n. We assume that Wp 1 is a m x 2n matrix!. Recall that the state space is
given by the Hilbert space X = L?([a,b]; K™) with the inner product

1 b
i =5 [ S Qs (13.49)

The following lemma follows easily from Theorems 11.3.2 and 11.3.5, see also
Exercise 11.4.

Lemma 13.2.1. Let 7 be a positive real number. Assume that the operator A :=
Pla%H + PyH with domain

D(A) = {xo € X | Hao € H([a,b; K"), Wp [fa«o} - o}

€s,0

is the infinitesimal generator of a Cy-semigroup on X. Then the system (13.45)—
(13.47) is a boundary control system satisfying Assumption 13.1.2.
In particular, for every Hxo € H'(|a,b]; K™) and every u € C?*([0,7]; K™)

with u(0) = Wp 4 [ggg }, and 0 = Wp {g‘g;g }, there exists a unique classical so-

lution of (13.45)—(13.47) on [0, 7]. Furthermore, the output (13.48) is well-defined
and y is continuous on [0, T].

By Lemma 13.2.1, if A generates a Cy-semigroup on X, then the system pos-
sesses classical solutions for smooth inputs and initial conditions. Well-posedness
implies that there exist solutions for every initial condition and every square inte-
grable input. Now we are in the position to formulate our main result.

INote that m has two meanings: It is used as a lower-bound for # and as the dimension of
our input space.
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Theorem 13.2.2. Consider the port-Hamiltonian system (13.45)—(13.48) and as-
sume that the conditions of Assumption 11.3.1 are satisfied. Furthermore, we as-
sume that

1. The multiplication operator PyH can be written as

PIH(C) = STHOASE), ¢ €lab], (13.50)

where A is a diagonal matriz-valued function, S is a matriz-valued function
and both A and S are continuously differentiable on [a, b].
Wp1
2. rank |:WB,2:| = n + rank (W¢).
We
Let X be the Hilbert space L?([a,b]; K™) with inner product (13.49). If the operator
A corresponding to the homogeneous p.d.e., i.e., u = 0, generates a Cy-semigroup
on X, then the system (13.45)—(13.48) is regular, and thus in particular well-posed.
Furthermore, we have that iMge(s)—o0 G(8) = limg 00, ser G(5).

The proof of Theorem 13.2.2 will be given in Sections 13.3 and 13.4.

Assumption 11.3.1 and the Assumptions 1 and 2 of Theorem 13.2.2 can be
easily checked. Thus it basically remains to check that A generates a Cy-semigroup.
Note that this operator equals the operator A defined in Lemma 13.2.1. From
Chapter 7 we know that if WgXWj; > 0 and Py = —F§, then A generates a
(contraction) semigroup, and thus in this situation the system is well-posed. In
particular, we obtain a mild solution for all square integrable inputs.

Remark 13.2.3.

1. Assumption 11.3.1 is very standard, and is assumed to be satisfied for all our
port-Hamiltonian systems until now.

2. Note that we do not have any assumption on Fy. In fact the term Py’H may
be replaced by any bounded operator on X. This result will be proved in
Section 13.4.

3. Assumption 1 of Theorem 13.2.2 concerning the multiplication operator P;H
is not very strong, and will almost always be satisfied if H is continuously
differentiable. Note that A contains the eigenvalues of P;H, whereas S~!
contains the eigenvectors.

4. The last condition implies that we are not measuring quantities that are set
to zero, or chosen to be an input. This condition is not important for the
proof, and will normally follow from correct modeling.

As mentioned above, Assumption 1 of Theorem 13.2.2 is quite weak. We
illustrate this by means of an example, the wave equation studied in Example
7.1.1.
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Example 13.2.4. From Example 7.1.1 together with equation (7.5) follows that the
port-Hamiltonian formulation of the wave equation is given by

w0 o]a (W ao][2eh]) we
ow ow

where z1 = pG7 is the momentum and zy = B¢ is the strain.
Hence we have that

0 1 = 0
P, = , H — | (O .

=l el mo= [ g
Being physical constants, the Young’s modulus 7' and the mass density p are
positive. Hence P; and H satisfy the first two conditions of Assumption 11.3.1.
Under the assumption that 7" and p are continuously differentiable, we show that
(13.50) holds. The eigenvalues of

0o T
PH(() = { L (()O } (13.52)
p(<)
are given by +v(¢) with v({) = % The corresponding eigenvectors are given
by
[ ) } and [ —©) } . (13.53)
(<) p(C)
Hence

PH=S5"1AS = [

N N

! _(” [ _i% } (13.54)

where we have omitted the dependence on (. This shows that the assumptions of
Theorem 13.2.2 are satisfied.

D I=2
bl»—‘\g
—_
| — |
2

In Example 13.2.4 the matrix P;H possesses only real eigenvalues and the
number of positive and negative eigenvalues is independent of (. This can be shown
to hold in general.

Lemma 13.2.5. Let P, and H satisfy the conditions of Theorem 13.2.2. Then A
can be written as

A O
A[ 0 6}’ (13.55)
where A is a diagonal real matriz-valued function, with (strictly) positive functions
on the diagonal, and © is a diagonal real matriz-valued function, with (strictly)
negative functions on the diagonal.
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Proof. Since H(¢) > ml for every ¢ € [a,b], the square root of H(() exists for
every ¢ € [a,b]. By Sylvester’s law of inertia, the inertia of H(¢)2 PyH(¢)2 equals
the inertia of Py. This implies that the inertia of H(¢)2 PyH(¢)? is independent of
¢. Thus, since P is invertible, zero is not an eigenvalue of H(¢)2 PyH(¢)Z and the
number of negative eigenvalues of ’H(C)%Pﬂ-l(C )2 equals the number of negative
eigenvalues of P;. A similar statement holds for the positive eigenvalues.

A simple calculation shows that the eigenvalues of H(( )%Pﬂ{(( )% are equal
to the eigenvalues of PyH(¢). Concluding, for every ¢ € [a, b] zero is not an eigen-
value of PyH({), and the number of negative and positive eigenvalues of Py H(()
is independent of (. By regrouping the eigenvalues, we obtain the requested rep-
resentation (13.55). O

The proof of Theorem 13.2.2 will be given in Sections 13.3 and 13.4. As can
be guessed from the condition (13.50) we will diagonalize PyH. Therefore it is
essential to know the systems properties for the case that PyH is diagonal. In
this situation it suffices to understand the systems behavior for a positive and a
negative element. This is the subject of the following two lemmas.

Lemma 13.2.6. Let \ be a positive continuous function on the interval [a,b]. Then
the port-Hamiltonian system

%—?(C,t) - a% AQOwE ),  w(c,0) =wo(C), cclab],  (13.56)
w(t) = A(B)w(b, 1), (13.57)
y(t) - /\(a)w(aat)v (1358)

is a regular system on the state space L?(a,b) and the corresponding transfer func-
tion G satisfies
li G(s) =0. 13.59
el (s) ( )
Proof. Tt is easy to see that the system (13.56)—(13.58) is a very simple version
of the general Port-Hamiltonian system (13.45)—(13.48) with P, = 1, H = A,
Wp = [% g] and We = [74 g] Since WpXW5 =1 > 0, we conclude that
the operator A corresponding to the homogeneous p.d.e., i.e., u = 0, generates a
Co-semigroup on L?(a,b). Thus Theorem 11.3.5 implies that (13.56)—(13.58) has
a well-defined solution provided the initial condition and the input are smooth.
For this class, the following balance equation holds, see (12.29)
d [° — 2 2
— [ w(GHAQw(C, 1) dC = [A)w(b, t)|” — [Aa)w(a, t)]

dt J,
= [u(®)® = ly(®)[*.

By Proposition 13.1.4 we conclude that the system is well-posed on the energy
space. Since \ is strictly positive, we have that the energy norm f: lw(¢, )2 A (¢)dC¢
is equivalent to the L?(a,b)-norm, and so the system is also well-posed on L?(a, b).
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Example 12.2.2 shows that the transfer function of (13.56)—(13.58) is given
by G(s) = e P®)* with p(b) > 0. Thus the system is regular and property (13.59)
follows immediately. O

For a p.d.e. with negative coefficient, we obtain a similar result.

Lemma 13.2.7. Let 6 be a negative continuous function on the interval [a,b]. We
consider the system

0
aC

The value at a we choose as input

(C, )= o7 (0(Quw(C, 1), w((0) =wo((), (€ lab]. (13.60)

u(t) = 0(a)w(a,t) (13.61)
and as output we choose the value on the other end

y(t) = 0(b)w(b, ). (13.62)

The port-Hamiltonian system (13.60)-(13.62) is reqular on the state space L*(a,b).
Its transfer function is given by

G(s) = em®)s, (13.63)
where )
wQ) = [ 0 s cea (13.64)
The transfer function satisfies
li =0. 13.
Rt G(s)=0 (13.65)

Lemma 13.2.7 will be proved in Exercise 13.7.

In Theorem 13.2.2 we asserted that under some weak conditions every port-
Hamiltonian system is well-posed provided the corresponding homogeneous equa-
tion generates a strongly continuous semigroup. In Sections 13.3 and 13.4 we prove
this assertion. However, we like to explain the main ideas of the proof by means of
an example. We choose the wave equation of Example 13.2.4. Since S is invertible,
well-posedness will not change if we perform a basis transformation, £ = Sz, see
Exercise 13.3. After this basis transformation, the p.d.e. (13.51) reads

o, . dsS—(¢)
a¢ (A7) (G0 + 505>

0 [ 1Qa(c,1) 4571 \ (s
K [ 1(Q)Z2(¢, 1) } + 50— A0, (13.66)

(C, t) = A(Q)z(¢, 1)
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Thus via a basis transformation we obtain a set of simple p.d.e.’s, just two simple

transport equations, but they are corrupted by the term S(C)ds;—z(C)A(C)j((, t).
We first assume that this term is not present, and so we study the well-posedness
of the collection of transport equations

O [&(t) | _ 0 [ v()#(1
ot [ Z2(C, 1) } K [ —1(Q)Z2(C,1) } ' (13.67)

Although it seems that these two p.d.e.’s are uncoupled, they are coupled via
the boundary conditions. Ignoring the coupling via the boundary condition, we
can apply Lemmas 13.2.6 and 13.2.7 directly. In Section 13.3 we investigate when
the p.d.e. (13.67) with control and observation at the boundary is well-posed. In
Section 13.4 we return to the original p.d.e., and apply Lemma 13.1.14 to show
that ignoring bounded terms, like we did in (13.67) does not influence the well-
posedness of the system. Since a basis transformation does not effect it either, we
have proved Theorem 13.2.2 for the wave equation.

13.3 P’H diagonal

In this section, we prove Theorem 13.2.2 in the situation that P, is diagonal, i.e.,
when S = I. Thus we consider the following diagonal port-Hamiltonian system

O [ ap(Gt)y | 0 (I MO O 24 (C,1)
ot [ z-(¢,1) } o ([ 0 0@ } { z_(C,1) D (13.68)
where for every ¢ € [a,b], A(¢) is a diagonal (real) matrix, with positive numbers

on the diagonal, and () is a diagonal (real) matrix, with negative numbers on
the diagonal. Furthermore, we assume that A and © are continuously differentiable

and that [Agg) 9(()4)] is an n x n-matrix. We note that (13.68) is a port-Hamiltonian

system with H := [§ %] and P, :=[{ 9/].
The following boundary control and observation are of interest

us(t) == [ g((sgfi((i’ﬁ)) } (13.69)
ys(t) == [ g&%ﬁ;g } (13.70)

Theorem 13.3.1. Consider the p.d.e. (13.68) with boundary control us and bound-
ary observation ys as defined in (13.69) and (13.70), respectively.

o The system defined by (13.68)—(13.70) is well-posed and regular. Furthermore,
the corresponding transfer function G, converges to zero for Re(s) — oc.
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o We equip the port-Hamiltonian system (13.68) with a new set of inputs and
outputs. The new input u(t) is of the form

u(t) = Kus(t) + Qus(t), (13.71)

where K and ) are two square n X n-matrices with [K Q} of rank n. The
new output is of the form

y(t) = Olus(t) + Ost(t)a (1372)

where O1 and Oy are k X n-matrices. Concerning system (13.68) with input
u and output y, we have the following results:

1. If K is invertible, then the system (13.68), (13.71), and (13.72) is
well-posed and regular. Furthermore, the corresponding transfer func-
tion converges to O1 K1 for Re(s) — oo

2. If K is not invertible, then the operator A defined as

w[gg]-a (W s llFg])  wm

with domain

D(Ag) = {[ 9+(C) } € H'([a,b],K") (13.74)

9-(Q)
<ot | el o |}

does not generate a Cy-semigroup on L*([a, b]; K™).

Note that part 2 implies that the homogeneous p.d.e. does not have a well-
defined solution, when K is not invertible.

Proof. The first part is a direct consequence of Lemma 13.2.6 and 13.2.7 by notic-
ing that the system (13.68)—(13.70) is built out of copies of the system (13.56)—
(13.58) and the system (13.60)—(13.62). Furthermore, these sub-systems do not
interact with each other. Thus in particular, the corresponding transfer function
Gs(s) is diagonal.

For the proof of the first part of the second assertion, with K invertible,
we rewrite the new input, as us(t) = K 1u(t) — K 1Qys(t), t > 0. This can be
seen as a feedback interconnection on the system (13.68)—(13.70), as is depicted in
Figure 13.2. Note that the system (13.68)—(13.70) is denoted by &;. The system
contains one feedback loop with feedback K ~1'Q. By Theorem 13.1.12, we have
that, if I + G4(s)K 1@ is invertible for some complex s and if this inverse exists
and is bounded on a right half-plane, then the closed loop system is well-posed.
Since limge(s)—oo Gs(s) = 0, this holds for every K~! and Q. Thus under the
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K@

Figure 13.2: The system (13.68) with input (13.71) and output (13.72)

assumption that K is invertible, the system (13.68) with input and output given
by (13.71) and (13.72) is well-posed. The regularity follows easily. By regarding
the loops in Figure 13.2, we see that the feed-through term is given by O; K 1.

It remains to show that Ax does not generate a Cy-semigroup if K is not
invertible. Since K is singular, there exists a non-zero v € K" such that v*K = 0.
Since [K Q] has full rank, we obtain that ¢* := v*@Q # 0. This implies that at
least one of the components of the vector ¢ is unequal to zero. For the sake of the
argument, we assume that this holds for the first component.

Assume that Ak is the infinitesimal generator of a Cy-semigroup. This im-
plies that for every xzy € D(Ak) the abstract differential equation

x(t) = Agx(t), z(0) = xo (13.75)

has a classical solution, i.e., for every xy € D(Ak) there exists a function z((, t) :=

{itggiﬂ which is a classical solution to the p.d.e. (13.68) with initial condition

x(+,0) = xg, and satisfies for all ¢ > 0 the boundary condition

<[ ety | el s | o

Using the vectors v and ¢, the function x satisfies
0=q" [ A(‘U“((‘"t) } L t>0 (13.76)

Now we construct an initial condition in D(Af), for which this equality does not
hold. Note that we have chosen the first component of ¢ unequal to zero.

The initial condition zg is chosen to have all components zero except for
the first one. For this first component we choose an arbitrary function in H'(a,b)
which is zero at a and b, but nonzero everywhere else on the open set (a,b). Clearly
this initial condition is an element of the domain of Ax. Now we solve (13.68).
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Standard p.d.e. theory implies that the solution of (13.68) can be written as

x+,’m(<a t) = f—&-,m(pm(() + t))\m(C)_l, (1377)
z_0(¢ ) = foe(ne(¢) + 1)0:(O) T, (13.78)

where A, and 6y are the m-th and the ¢-th diagonal element of A and ©, re-
spectively. Furthermore, p,,(¢) = ff Am(Q)7EdC, ne(C) = fac 0¢(¢)~1d¢, see also
Exercises 13.6 and 13.7. In particular, we have p,,(a) = n¢(a) = 0. The functions
f+,m, [ ¢ need to be determined from the boundary and initial conditions.

Using the initial condition, we obtain fi ,(Pm(¢)) = Am({)zo,+,m(¢) and
f=e(ne(C)) = 0e(¢)zo,— ¢(C). Since py, > 0, and ng < 0, the initial condition de-
termines f4 ., on a (small) positive interval, and f_ , on a small negative interval.
By our choice of the initial condition, we find that

Fe1(Q) = (P H(©))zo,+1. (07 (Q)), CE[0,p1(b)),
f+,m(<) = 07 C € [Oapm(b))v m > 27 (1379)
f-.(¢) =0, ¢ € [ne(b),0), €>1.
The solution x((,t) must also satisfy (13.76), thus for every ¢ > 0 we have
J+a(?)
0=¢ : . (13.80)

fo1(na(b) +1)

Combining this with (13.79), we find

0=qif+1(p1(¢)) = qrzo,4+,1(O)M(€)

on some interval [a, 8]. Since ¢; and A, are unequal to zero, we find that x4 1
must be zero on some interval. This is in contradiction to our choice of the initial
condition. Thus Ak cannot be the infinitesimal generator of a Cy-semigroup. O

13.4 Proof of Theorem 13.2.2

In this section we use the results of the previous section to prove Theorem 13.2.2.
By Assumption 1 of Theorem 13.2.2, the matrices P; and H satisfy the
equation (13.50):
PIH(C) = STHOAOS(Q)

We introduce the new state vector

(¢, 1) = S(Qz(¢, 1), (€ lab]. (13.81)
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Under this basis transformation, the p.d.e. (13.45) becomes

8 _ dS=1(¢) -

+ S(C)Po(C)S(C)_If(C,t), 0(C) := #(¢,0) = S(Q)wo(C). (13.82)

The equations (13.46)(13.48) imply the existence of matrices My, M2, Moy,
Moo, M1, Mis, May, Mss, Cy, Cs, Cy and Cs such that

(C, t) =

0= M PrrSTHB)AB)E(b, t) + Mo Py S (a)Aa)i(a, t)

= M1 A(b)E(b, t) + Mi2A(a)Z(a,t), (13.83)
u(t) = Moy Py ESTH(D)A(b) (b, t) + Moy Py S ™ (a)A(a)Z(a, t)
= Mo A(b)i(b, t) + Moz A(a)Z(a,t), (13.84)
y(t) = CLP7STHD)A(D)E (b, t) + Co Pyt S a)A(a)Z(a, t)
= C1A(D)Z(b, t) + CoA(a)i(a,t). (13.85)
We introduce M = {AM:[; ]\1\:22} and C = [ C, Oy } We have
[ Mj My | =] Mj M | [ a %(b)_ Pf%?(a)_l } , j=1,2
and
~ - - P715’ b —1
C=[& &Gl=[C 02][ i 80) Pl_ls‘?(a)l}.

. . [PrtSm)t 0
Since the matrix [ 0 PriS(a)~!

orem 13.2.2 imply similar rank conditions for M and C.
Using Lemma 13.1.14, we only have to prove the result for the p.d.e.

} has full rank, the rank conditions in The-

9
aC

with boundary conditions, inputs, and outputs as described in (13.83)—(13.85).

If condition (13.83) is not present, then Theorem 13.3.1 implies that the above
system is well-posed and regular if and only if the homogeneous p.d.e. generates
a Cp-semigroup on L?([a,b]; K™). Since the state transformation (13.81) defines
a bounded mapping on L?([a,b]; K"), we have proved Theorem 13.2.2 provided
there is no condition of the form (13.47).

Thus it remains to prove Theorem 13.2.2 in the case that we have set part
of the boundary conditions to zero. Or equivalently, to prove that the system
(13.83)—(13.86) is well-posed and regular if and only if the homogeneous p.d.e.
generates a Cp-semigroup.

0T -
E(Cvt) = (Ax) (Cvt) (1386)
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We replace (13.83) by
v(t) = My A(D)Z(b, t) + MiaA(a)z(a,t), (13.87)

where we regard v as a new input. Hence we have the system (13.86) with the new
extended input

u(t) Moy Moo

and the output (13.85). Thus we obtain a system without a condition of the form
(13.83). For the new system we know that it is well-posed and regular if and only
if the homogeneous equation generates a Cy-semigroup.

Assume that the system (13.86), (13.88) and (13.85) is well-posed, then we
may choose any (locally) square integrable input. In particular, we may choose
v = 0. Thus the system (13.83)—(13.86) is well-posed and regular as well.

Assume next that the p.d.e. with the extended input in (13.88) set to zero
does not generate a Cy-semigroup. Since this gives the same homogeneous p.d.e.
as (13.86) with (13.83) and w in (13.84) set to zero, we know that this p.d.e. does
not generate a Cp-semigroup either. This finally proves Theorem 13.2.2. 0

[ v(t) } _ [ My } A(b)i(t,b) + [ Mo } A(a)i(t, a) (13.88)

13.5 Well-posedness of the vibrating string

In this section we illustrate the usefulness of Theorem 13.2.2 by applying it to the
vibrating string of Example 7.1.1.
By Example 13.2.4 for the vibrating string we have

plz[(l) H H<<>=[@ T?o}

We want to illustrate the theory and proofs derived in the previous sections, and
therefore we do not directly check if for a (to-be-given) set of boundary conditions
that the semigroup condition is satisfied. Instead of that, we rewrite the system
in its diagonal form, and check the conditions of Theorem 13.3.1. As we have seen
in Section 13.4, the proof of Theorem 13.2.2 follows after a basis transformation
directly from Theorem 13.3.1. Hence we first diagonalize P;H. Although all the
results hardly change, we assume for simplicity of notation that Young’s modulus
T and the mass density p are constant. Being physical constants, they are naturally
positive.
From equation (13.54) we know that the operator PyH is diagonalizable:

_ 1
pwesss-[1 7102 5[ 2
P - T2y

p

N N

} , (13.89)

where 7 is positive and satisfies 72 = %
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Hence the state transformation under which the p.d.e. becomes diagonal is

Since we assumed that v > 0, the functions #; and Z5 correspond to z1 and x_ in
equation (13.68), respectively and A, © to v and —~, respectively. Hence the input
and output us and ys defined for the diagonal system (13.68) by the equations
(13.69)—(13.70) are expressed in the original coordinates by

_ L aa(b,t) + vpxa(b, t)
'Uas(t) - 2 |: xl(aa t) *ﬂprQ(aa t) :| ' (1390)
1| zi(a,t) +ypxa(a,t)
() = 5[ er(6r1) — yps(b } (13.9)

This pair of boundary input and output variables consists of complementary linear
combinations of the momentum x; and the strain x5 at the boundaries: however
they lack an obvious physical interpretation. One could consider another choice
of boundary input and outputs, for instance the velocity and the strain at the
boundary points and choose as input

(bt
up(t) = [ /’( ’ ; } (13.92)
and as output
L (a,t
i (t) = { o (at) } . (13.93)
We may apply Theorem 13.3.1 to check whether this system is well-posed, and to

find the feed-through. Expressing the input-output pair (u1,y1) in terms of (us, ys)
gives

L0 0o 1
wt)=1§ =L |us@®+| L § |vs®), (13.94)
VTp VTp
0 1 1 0
M= L § |us®+] § = | (13.95)
VTp VTp
Hence
-0 0o 4
K=|§ Q=| _ § | (13.96)
JTp JTo
0 1 1 0
Or=| 1 61|, O=|0 _1 (13.97)
VTp VTp
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Since K is invertible, the system with the input-output pair (u1,y1) is well-posed

. _ 0 —
and regular, and the feed-through term is given by O; K ! = [1 0’7]

5

Since the states are defined as z1 = p% and zo = %—72’, the control and
ow
observation are easily formulated using w. Namely, u (t) = [ &82} and yi(t) =
a¢ Ly

&% (t,a)
2 (t,b)
Next we show that if we control the velocity and strain at the same end, this

does not give a well-posed system. The control and observation are given by

}, respectively. Hence we observe the velocity and strain at opposite ends.

co-[E)-[E0] v

and as output

ya(t) = { %:%Ezg } = [ :7283 } . (13.99)
It is easy to see that
us(t) = { é 8 }us(t)Jr { 8 %%,, }ys(t). (13.100)

Clearly the matrix in front of us is not invertible, and hence we conclude by
Theorem 13.3.1 that the wave equation with the homogeneous boundary conditions
us = 0 does not generate a Cp-semigroup. Hence this system is not well-posed.

13.6 Exercises

13.1. In this exercise we show that a homogeneous port-Hamiltonian system needs
not to generate a contraction semigroup. Consider the transport equation

%(Cﬂf) = Z—?(CJ), z(¢,0) =x0(¢),  ¢€]0,1], (13.101)
z(1,t) = 22(0, ). (13.102)

(a) Show that for an initial condition 2y which is continuously differentiable
and satisfies xo(1) = 22((0) and a{(1) = 22((0) the (classical) solution
of (13.101)—(13.102) is given by

z(C,t) = 2"wo(7), (13.103)

where ( +t=n+r71, 7 €[0,1], n € NU{0}.

(b) Show that the mapping xo — x(-,t) with x({,t) given by (13.103) de-
fines a Cp-semigroup on L?(0,1).



194 Chapter 13. Well-posedness

(c) Conclude that (13.103) is the mild solution of (13.101)—(13.102) for any
initial condition ¢ € L2(0,1).
13.2. Let X be a Hilbert space with norm, || - ||x and let || - ||, be an equivalent
norm, i.e., there exists «, 8 > 0 such that for all x € X there holds «a||z||x <
[zlln < Bllzllx-
Show that if boundary control system (13.8)—(13.10) satisfying Assump-

tion 13.1.2 is well-posed with respect to the state space norm || - || x, then the
system is also well-posed with respect to the state space norm || - ||,,.

13.3. Consider the boundary control system (13.8)—(13.10) satisfying Assumption
13.1.2. Let S be a be linear operator in £(X) which is boundedly invertible.
Introduce the new state variable £ = Sz.

(a) Rewrite the boundary control system (13.8)—(13.10) as a boundary con-
trol system in the state variable Z. Furthermore, show that this new
boundary control system satisfies Assumption 13.1.2.

(b) Show that the transformed boundary control system is again well-posed
when the original boundary control system is well-posed.

(¢) Prove that both systems have the same transfer function.

13.4. Assume the the boundary control system (13.8)—(13.10) is well-posed and
define
Ynew := O1u(t) + O2y(t), (13.104)

where O; and Oy are bounded linear operators. Show the port-Hamiltonian
systems remains well-posed if we replace (13.10) by (13.104).

13.5. Use Theorem 11.2.1 to prove Lemma 13.1.6.

13.6. In this exercise we prove some further results concerning the system (13.56)—
(13.58).

(a) Show that the system (13.56)—(13.58) is a port-Hamiltonian system of
the form (13.45)—(13.48).

(b) Show that the solution of (13.56)—(13.57) is given by

w(C,t) = F(C) + MO, (13.105)
where
¢
p(¢) = / M) ldz C e lab, (13.106)
F0(O) = MQOwo(©), ¢ € lab] (13.107)
F(b) + ) = ult), £ 0. (13.108)

13.7. In this exercise we prove Lemma 13.2.7.
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(a) Show that the solution of (13.60)—(13.61) is given as
w(C,t) = f(n(¢) +)0(0) ", (13.109)

where

¢
n(¢) = / 0(z) 'dz, (13.110)

f(n(Q)) =0(Qwo(C), =€ a,b], (13.111)
u(t),  t>0. (13.112)

(b) Use part a to prove Lemma 13.2.7.

13.7 Notes and references

We have defined well-posedness for boundary control systems. However, it is also
possible to define well-posedness more abstractly. In order to do this we start

with a bounded linear operator-valued function (S(t)),~, = ({218 228]) ,
= >0

satisfying properties (13.27), (13.33)-(13.35) and (S11(t)),, is a Co-semigroup,
see the book of Staffans [51].

Our class of port-Hamiltonian systems is most likely the only class of p.d.e.’s
which allows for such a simple characterization of well-posedness. For a general
p.d.e. it is usually very hard to prove well-posedness.

The first condition of Theorem 13.2.2 implies that P,H is diagonalizable via
a continuously differentiable basis transformation. Since S({) in equation (13.50)
contains the eigenvectors, we need the eigenvectors to be continuously differen-
tiable. Example I1.5.3 of Kato [30] gives a symmetric matrix-valued function which
is infinitely continuously differentiable, but the eigenvectors are not even once con-
tinuously differentiable. If PyH is a C'-function such that for all ¢ € [a,b], the
eigenvalues Py H(() are simple, then the eigenvalues and eigenvectors can be chosen
continuously differentiable, see Kato [30, Theorem II.5.4].

In our proof of Theorem 13.2.2 we only use that A is continuous. However,
when PyH is continuously differentiable, then so are its eigenvalues. This follows
from the fact that the eigenvalues of P;H and Hz P Hz are the same, and Theorem
11.6.8 of [30].

From the proof of Theorem 13.2.2 follows that the operator A corresponding
to the homogeneous equation generates a Cp-semigroup if and only if the matrix
K is invertible, see Theorem 13.3.1. Since the matrix K is obtained after a basis
transformation, and depends on the negative and positive eigenvalues of PyH, it
is not easy to rewrite this condition in terms of the matrix Wg.

A semigroup can be extended to a Cy-group, if for every initial condition the
homogeneous p.d.e. has a solution for negative time. Using once more the proof
of Theorem 13.3.1, the operator A of Theorem 13.2.2 generates a Cp-group if and
only if K and @) are invertible matrices.
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Theorem 13.1.12 was first proved by Weiss [60]. Moreover, we note that the
content of this chapter is based on the paper by Zwart et al., [65].



Appendix A

Integration and Hardy Spaces

A.1 Integration theory

In this section, we wish to extend the ideas of Lebesgue integration of complex-
valued functions to vector-valued and operator-valued functions, which take their
values in a separable Hilbert space X or in the Banach space £(X1, X2), where
X1, Xy are separable Hilbert spaces. By £(X7,X2) we denote the class of all
bounded, linear operators from X to Xo. As main references, we have used Arendt,
Batty, Hieber and Neubrander [3], Diestel and Uhl [12], Dunford and Schwartz [13],
and Hille and Phillips [24].

Throughout this section, we use the notation € for a closed subset of R,
and (Q, B, A) for the measure space with the Lebesgue measure A and (Lebesgue)
measurable subsets B. It is possible to develop a Lebesgue integration theory based
on various measurability concepts.

Definition A.1.1. Let W be a Banach space. A function f : Q@ — W is called
simple if there exist wy,ws,...,w, € W and Ey, Es, ..., E, € B such that f =
S wilp,, where 1g,(t) = 1if t € E; and 0 otherwise.

Let X1, X2 be two separable Hilbert spaces, and let F': Q — £(X7, X5) and
f:Q —)Xl.

1. F is uniformly (Lebesgue) measurable if there exists a sequence of simple
functions F), : @ — £(X1, X5) such that

lim F,(t) = F(t) for almost all ¢ € Q.
n— oo

2. fis strongly (Lebesgue) measurable if there exists a sequence of simple func-
tions f, : Q — X7 such that

lim f,(t) = f(¢) for almost all ¢ € Q.

n—o0

F' is strongly measurable if Fx; is strongly measurable for every x; € X;.

B. Jacob and H.J. Zwart, Linear Port-Hamiltonian Systems on Infinite-dimensional Spaces, 197
Operator Theory: Advances and Applications 223, DOI 10.1007/978-3-0348-0399-1,
© Springer Basel 2012
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3. f is weakly (Lebesgue) measurable if (f,x1) is measurable for every x; € Xj.
F is weakly measurable if Fxq is weakly measurable for every x; € X;.

It is easy to see that uniform measurability implies strong measurability,
which implies weak measurability. For our separable Hilbert spaces X; and Xj,
the concepts weak and strong measurability coalesce.

Lemma A.1.2. For the case that X, and X5 are separable Hilbert spaces the con-
cepts of weak and strong measurability in Definition A.1.1 coincide.

Proof. See Hille and Phillips [24, theorem 3.5.3] or Yosida [61, theorem in Section
V.4]. O

We often consider the inner product of two weakly measurable functions.

Lemma A.1.3. Let X be a separable Hilbert space, and let f1, fo : Q — X be two
weakly measurable functions. The complex-valued function (f1(-), f2(+)) defined by
the inner product of these functions is a measurable function.

Proof. This follows directly from Lemma A.1.2 and Definition A.1.1. d

Lemma A.1.4. Let f : Q@ — Xy and F : Q — L(X1, X2) be weakly measurable,
then ||f]] and || F|| are measurable, scalar-valued functions.

Proof. The first assertion follows directly from the previous lemma, since || f|| =
VA{F(), f()). Since X; and X5 are separable, there exist countable dense subsets
Zy and Z5 of X7 and Xs, respectively. Since these sets are dense, we obtain

[(F'(t)z1, 22)]

F)| = sup te Q.
FOI= 22, Tl
22€Z9, z2#0
By assumption the functions % are measurable, and since a (countable)
supremum of measurable functions is measurable, we conclude that ||F'(-)|| is mea-
surable. O

The notion of the Lebesgue integral follows naturally from the measurability
concepts given in Definition A.1.1.

Definition A.1.5. Suppose that (€2, B, \) is the Lebesgue measure space and that
EeB.

1. Let W be a Banach space and let f : 2 — W be a simple function given by
f= Z?:l w; 1 g,, where the F; are disjoint. We define f to be Lebesgue inte-
grable over E if || f|| is Lebesgue integrable over E, that is, Y., ||w;||A(E; N
E) < oo, where A(+) denotes the Lebesgue measure of the set and we follow
the usual convention that 0 - oo = 0. The Lebesgue integral of f over E is
given by > 1" | w;A(E; N E) and will be denoted by [, f(t)dt.
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2. Let X7 and X5 be two separable Hilbert spaces. The uniformly measurable
function F' : Q — L£(X1, X2) is Lebesgue integrable over E if there exists a
sequence of simple integrable functions F;, converging almost everywhere to
F and such that

Jim [P @) = Fu(®)eox, xa e =0,

We define the Lebesgue integral by

/ F(t)dt = Tim | Fy(t)dt.

n—oo E

3. Let X be a separable Hilbert space. The strongly measurable function f :
Q — X is Lebesgue integrable over E if there exists a sequence of simple
integrable functions f,, converging almost everywhere to f and such that

Tim / I£(t) = fult)||xcdt = 0.

We define the Lebesgue integral by

/f it = tim [ (o)

n—oo

The integrals in the above definition are also called Bochner mtegmls in
the literature. If f : @ — X is Lebesgue integrable over E, then [, f p f(t)dt is an
element of X. Similarly, if f: Q — L£(X7, X2) is Lebesgue integrable over E, then
fE t)dt € L(X1, X>). For functions from R to a separable Hilbert space X, there
is a snnple criterion to test whether a function is Lebesgue integrable.

Lemma A.1.6. Let f: Q — X, where X is a separable Hilbert space. f is Lebesgque
integrable over E € B if and only if the function (x, f(-)) is measurable for every
zeX and [, f(@t)|dt < oo.

Proof. See Arendt, Batty, Hieber and Neubrander [3, Theorem 1.1.4], or Hille and
Phillips [24, theorem 3.7.4], noting that weak and strong measurability are the
same for separable Hilbert spaces (Lemma A.1.2). O

Proposition A.1.7. LetX be a separable Hilbert space, let f : [a,b] — X be Lebesgue
mtegmble and F(t f f(s)ds fort € [a,b]. Then F is differentiable a.e. and

= f a.e., that is, for almost all t € [a,b] we have limp_o w = f(t).

Proof. See Arendt, Batty, Hieber and Neubrander [3, Theorem 1.2.2]. O

In the case of operator-valued functions F': Q@ — L£(X7, X3), where X; and
X, are separable Hilbert spaces, we need to distinguish between the Lebesgue
integral [, F(t)dt for the case that F is uniformly (Lebesgue) measurable and
the Lebesgue mtegral |z F  F(t)xdt for the case that F' is only strongly (Lebesgue)
measurable.
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Example A.1.8. Let (T'(t)),~, be a Co-semigroup on a separable Hilbert space X.
Since (T'(t)),~ is strongly continuous, it is strongly measurable. In fact, Hille and
Phillips [24, theorem 10.2.1] show that the Cyp-semigroup is uniformly measurable
if and only if it is uniformly continuous. Now the only uniformly continuous semi-
groups are those whose infinitesimal generator (see Definition 5.2.1) is a bounded
operator, Hille and Phillips [24, theorem 9.4.2], and so (T'(t)),~, will only be

strongly measurable in general. Thus fol T(t)x dt is a well-defined Lebesgue inte-
gral for any z € X, but fol T'(t)dt is in general not well-defined.

Next we study whether [ T'(7 — s)F(s)ds has a meaning.

Example A.1.9. Let (T'(t)),~, be a Co-semigroup on a separable Hilbert space X,
and let F : [0,00) — L(U, X) be weakly measurable, U is a Hilbert space, and
|F|| € L*(0,7). Since (T*(t)),s is also a Co-semigroup, T*(+)z is continuous, see
[10, Theorem 2.2.6], and so strongly measurable. Furthermore, by definition, we
have that F(-)u is weakly measurable. Hence Lemma A.1.3 shows that (z, T(7 —
VF(u)y = (T*(r — )z, F(-)u) is measurable for all x € X, u € U. So from Lemma
A.1.6 we have that for each u € U [ T(r — s)F(s)uds is a well-defined Lebesgue
integral. However, fOT T(7—8)F(s)ds need not be a well-defined Lebesgue integral,
since the integrand will not to be uniformly measurable in general.

If an operator-valued function is not uniformly measurable, but only weakly
measurable, there is still the possibility to define the so-called Pettis integral.

Definition A.1.10. Let X; and X5 be separable Hilbert spaces and let F' : Q —
L(X7,X5). If for all ;1 € X7 and 23 € X3 we have that the function (o, F(-)x1) €
LY(Q), then we say that F is Pettis integrable. Furthermore, for all E € B, we call
[ F(t)dt defined by

(xg,/EF(t)dtx1> = /E<x2,F(t)x1>dt (A1)

the Pettis integral of F over E and [, F(t)x1dt the Pettis integral of F(-)zy over
E.

As for the Lebesgue integral we have that the Pettis integral [}, F'(t)dt is an
element of £(X71, X5). It also has the usual properties such as linearity

LL@E@+MMMﬁ:aLEUW+BLEﬁW. (A.2)

From the definition of the Pettis integral, we see that a weakly measurable function
F:Q — L(X1,X5) is Pettis integrable if and only if

/K%mew<m. (A.3)
E
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In particular, if this weakly measurable function satisfies [, || F(t)||dt < oo, then
the condition (A.3) is satisfied and so it is Pettis integrable. Furthermore, it is easy
to see that if F' is an integrable simple function, then the Pettis integral equals the
Lebesgue integral. From the definition of the Lebesgue integral, it follows easily
that if the Lebesgue integral of a function exists, then the Pettis integral also
exists, and they are equal.

In the following examples, we re-examine Examples A.1.8 and A.1.9, which
we considered as Lebesgue integrals.

Example A.1.11. We recall from Example A.1.8 that the Cy-semigroup (7'(t)),~,
on the separable Hilbert space X is in general only strongly measurable and so
while fo t)xdt exists as a Lebesgue integral fo t)dt does in general not. We
show next that it does exist as a Pettis integral. Slnce (T(t))tzo is strongly contin-
uous, we have that (x1,T(t)x2) is measurable for every x1,zo € X. From Theorem

5.1.5 we have that fol IT(t)]|dt < oo. Thus by Definition A.1.10 the Pettis integral

fo t)dt is well-defined. If the infinitesimal generator A of (T'(¢));>¢ is invertible,
then using Theorem 5.2.2 we can even calculate this Pettis integral to obtain

O/T Ty - A7h

Example A.1.12. From Example A.1.9 we recall that fOT T(t — s)F(s)ds is in
general not a well-defined Lebesgue integral. We already showed that (z,T'(r — -)
F(-)u) is Lebesgue measurable for all © € X, u € U. Furthermore, we see that

/||TT—S (s)|lds < Moe®" /||F Jllds < oo.

So by Definition A.1.10 the integrals [ T'(t — s)F(s)ds and [j T(T — s)F(s)uds
are well-defined as Pettis integrals, where only the latter one is well-defined as a
Lebesgue integral.

Most of the integrals we use in this lecture notes satisfy the conditions in
Lemma A.1.6.

Example A.1.13. Consider [J T(7 — s)Bu(s)ds, where (T(t));>0 is a Cp-semi-
group on a separable Hilbert space X, B € L(U,X), U is a separable Hilbert
space and u € L'([0,7];U) (see Definition A.1.14). Then, as in Example A.1.12,
(z,T(t — -)Bu(:)) is measurable for all z € X and [j |T(7 — s)Bu(s)||ds <
M,e“T||B|| [y llu(s)||ds < oo. So by Lemma A.1.6, the integral is well-defined
as a Pettis or as a Lebesgue integral.

To avoid confusion between the Pettis and Lebesgue integrals we introduce
the following notation.
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Definition A.1.14. Let X1, X5, and X be separable Hilbert spaces, and let Q be a
closed subset of R. We define the following spaces:

P(Q; L(X1,X2)) :={F: Q — L(X1,X2) | (x2, F(-)x1) is measurable
for every 1 € X7 and 23 € X5},
PP(Q; L(X1, Xa)) i= {F € P(Q; L(X1, X2)) | [|[Fllp :=

1/p
(/Q ||F(t)||]Z(X17X2)dt> <oo}; 1 <p< oo
PR L(X0, X)) i= {F € P(Q L(X1, Xo)) [ [[Floo =

esssupg [[F'(t)| £(x,.x,) < 00}

L(O;X):={f:Q— X | (z, f(-)) is measurable for all x € X}.

1/p
LA X) = {f € LX) | [If]lp o= ( / IIf(t)II’;}dt> <ooki 1<p< o,
LX) = {f € L% X) | | fllc = esssupg, [ £(8)]1x < oo}

The reason for using the ”L” notation is that these integrals are also de-
fined in the Lebesgue sense. For example, if (T'(t));>0 is a strongly continuous
semigroup, then T'()z € LP([0,7]; X) for all + € X, but we only have that
T(-) € PP([0,7]; £(X)) instead of the Lebesgue space LP([0,7]; £(X)) (see Ex-
ample A.1.11).

We remark that if X; and X5 are finite-dimensional, then £(X;, X5) is also
finite-dimensional, and so L*>(€Q); £(X1, X)) is well-defined as a Lebesgue space
(see Lemma A.1.6) and equals P> (£; £L(X1, X2)).

Lemma A.1.15. If we do not distinguish between two functions that differ on a set
of measure zero, then the spaces PP(Q; L(X1, X2)), P>(Q; L(X1, X2)), LP(; X),
and L*°(Q; X) are Banach spaces.

Furthermore, L?(Q; X) is a Hilbert space with inner product

ho f) = / (), () xdt. (A4)

Proof. See Thomas [53] or [52]. The completeness property of L? is also shown in
theorem II1.6.6 of Dunford and Schwartz [13]. In Section 3.5 of Balakrishnan [5]
it is shown that L?(Q, X) is a Hilbert space. O

A.2 The Hardy spaces

In this section, we consider some special classes of functions that are holomorphic
on the open half-plane C§ := {s € C | Re(s) > 0}.
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Good general references for this section are Kawata [31] and Helson [23] for
the scalar case and Thomas [53] and Rosenblum and Rovnyak [49] for the vector-
valued case.

As in finite dimensions, we define holomorphicity of a complex-valued func-
tion as differentiability.

Definition A.2.1. Let X; and X3 be Hilbert spaces, and let F': T — £(X7, X5),
where T is a domain in C. Then F' is holomorphic on T if F' is weakly differentiable
on T, ie., for all x; € X1, 29 € Xo, the function (F(-)x1,x2) is differentiable.

Example A.2.2. Let A be a closed linear operator on the Hilbert space X. Define
F:p(A) — L(X) by F(\) = (A — A)~!. We shall prove that F' is holomorphic
on p(A). The resolvent equation (5.12) implies

(AR = A) "y, @) — (M = A) "y, @)
= (=h(A — A)"H (N + )T — A) oy, xo).

Since F' is continuous, this implies that F' is weakly differentiable with %(A) =
—(AI — A)~2. Thus the resolvent operator is holomorphic.

Our definition can be seen as “weak holomorphic”. We remark that uniform
and weak holomorphicity are equivalent. Next we define special classes of holo-
morphic functions.

Definition A.2.3. For a Banach space WV and a separable Hilbert space X we define
the following Hardy spaces:

H>(W) := {G :C§ — W G is holomorphic and supg.s)~o |G(s)|| < oo};

H?(X) := {f : C& — X | f is holomorphic and

1918 =sup(e [+ )]Pa) < o0} (A5)
>0 4T J oo

When the Banach space W or the Hilbert space X equals C, we shall use the
notation H* and H? for H*(C) and H?(C), respectively. In most of the literature,
Hardy spaces on the disc are usually treated; see, for example, Rosenblum and
Rovnyak [49].

Lemma A.2.4. If W is a Banach space, then H*®(W) from Definition A.2.3 is a
Banach space under the H>® -norm

1Gllo := sup [|G(s)[lw- (A.6)
Re(s)>0
Proof. See Theorem D of Rosenblum and Rovnyak [49, section 4.7]. O

We now collect several important results in the following lemma.
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Lemma A.2.5. The following are important properties of H®(L(U,Y)), where U, Y
are separable Hilbert spaces:

1. For every F € H*(L(U,Y)) there exists a unique function
F e P>((—ico,ic0); L(U,Y))

such that

lig)l F(z +iw)u = F(iw)u for all w € U and almost all w € R

(i.e., F € H®(L(U,Y)) has a well-defined extension to the boundary);

2. The mapping F — F is linear, injective and norm preserving, i.e.,

sup || E(s)llzwy) = esssupge [ (iw)llcw,y)
Re(s)>0
(consequently, we can identify F' € H*(L(U,Y)) with its boundary function
F € P> ((—ic0,i00); L(U,Y)) and we can regard H*(L(U,Y)) as a closed
subspace of the Banach space P> ((—ioo,io0); L(U,Y)));

3. Identifying F with F, the following holds:

sup |[F(s)[|c.y) = esssupger [|F(iw)| vy < o0
Re(s)>0

Proof. See theorems A of sections 4.6 and 4.7 of Rosenblum and Rovnyak [49]. O

We remark that Rosenblum and Rovnyak [49] use the notation L> for P>.
In general, the boundary function F will not have the property that F is uniformly
measurable in the L(U,Y") topology; see Rosenblum and Rovnyak [49, exercise 1
of chapter 4] or Thomas [53].

Lemma A.2.6. H%(X) is a Banach space under the H2-norm defined by (A.5),
and the following important properties hold:

1. For each f € H2(X) there exists a unique function f € L2((—ioo,ic0); X)
such that R

h?ol flz+iw) = f(iw) for almost all w € R

and ~
ll}g)l lf(z+-) = () L2 ((miso,ice);x) = 0;

2. The mapping f — [ is linear, injective, and || f||3 = = | f (iw) || dw, i.e.,
it 18 norm preserving
(consequently, we identify the function f € H?*(X) with its boundary
function f € L*(—ioo,i00);X) and regard H?(X) as a closed subspace of
L?((—ioo,io0); X));
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3. Denote by CL the subset {s € C| Re(s) > a}. For any f € H*(X) and any
o > 0 we have that

i (s 7)) =0 (A7)

p—r00
sect; |s|>p

(sometimes the terminology f(s) — 0 as |s| — oo in clis used).

Proof. Parts1 and 2. The proof for the scalar case as given by Kawata [31, theorem
6.5.1]. Since this theorem holds for vector-valued function as well, the proof of parts
a and b is similar to that for the scalar case.

Part 3. See Hille and Phillips [24, theorem 6.4.2]. O

We remark that in general part 3 is not true for a = 0. ;jFrom this lemma
we deduce the following result.

Corollary A.2.7. If X is a separable Hilbert space, then H?(X) is a Hilbert space
under the inner product

(f,9): L /(f(iw),g(iw))dw.

:277

— 00

H?(X) is a very special Hilbert space, as is apparent from the following
lemma and the Paley-Wiener theorem.

Lemma A.2.8. Let X be a separable Hilbert space and let f € H?(X) be different
from the zero function. Then f is nonzero almost everywhere on the imaginary
axis.

Proof. Suppose that there is a subset V of the imaginary axis with positive mea-
sure such that f is zero on this set. Then for every x € X, we have that (f, ) € H?
and it is zero on V. This implies that

[ s, _

14+ w? o

— 00

By Theorem 6.6.1 of Kawata [31] this can only happen if (f, ) is the zero function.
Since x € X was arbitrary, this would imply that f = 0. This is in contradiction
to our assumption, and so the set V' cannot have positive measure. ]

Theorem A.2.9 (Paley-Wiener Theorem). If X is a separable Hilbert space, then
under the Laplace transform L?([0, 00); X) is isomorphic to H?(X) and it preserves
the inner products.

Proof. See Thomas [53]. O

The following theorem gives a characterization of bounded operators between
frequency-domain spaces.
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Theorem A.2.10. Suppose that U and Y are separable Hilbert spaces.

1. If F € P®((—ioco,io0); L(U,Y)) and u € L?*((—ico,ico);U), then Fu €
L?((—ioo,i00);Y). Moreover, the multiplication map Ap : u — Fu defines a
bounded linear operator from L?((—ioo,ic0);U) to L*((—ioco,ic0);Y), and

||AFU||L2((—ioo,ioo);Y) S ”F”oo||u||L2((—ioo,ioo);U)7

where || - ||oo denotes the norm on P ((—ico,i00); L(U,Y)). In fact,

IAFul| L2((—ioo,ioo);v)

[AF[| = sup

= [|F||oo-
u#0 ||U||L2((—ioo,z‘oo);U)

2. If F € H®(L(U,Y)) and uw € H*(U), then Fu € H*(Y). Moreover, the
multiplication map Arp : u — Fu defines a bounded linear operator from
H2(U) to H?(Y), and

[AFullaz(vy < 1F]oollulliz @),
where || - |loo denotes the norm on Hoo (L(U,Y)). In fact,

||AFU||H2(Y)

AR = sup = [l oo-

uF0 ||U||H2(U)

3. F € Po((—ioco,ic0); L(U,Y)) is in H®(L(U,Y)) if and only if ApH?(U) C
H2(Y).
Proof. Part 1. See Thomas [53].

Part 2. Tt is easy to show that for F' € H*(L(U,Y)) the first inequality holds. So
|AF| < ||F||s- To prove the other inequality, let A € C§, yo € Y and f € H2(U).
Consider

Yo Yo
faA* > <AFf7—>
< F' + )\ H2(U) : + )\ H2(Y)

- % _O:o <F(iw)f(iw), iwaOr /\>Y dw
= % _Z<F(iw)f(iW), Yo)y iw—jxdw

= (F(\)f(X), y0)y by Cauchy’s Theorem

= <f(/\)aF(>‘)*y0>U

= 27 (i), FOY w0y — o

2 oo w— A

using Cauchy’s Theorem again
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_ <f,F(X)*i—O>\>Hz(U).

Since the above equality holds for every f € H?(U), we have that

Yo v+ Y0
A7 =F\)* .
e - PV

This implies that [|A%|| > || F*||c. Now the general property that [|[F*|cc = | F||c0,
concludes the proof.

Part 3. See Thomas [53]. O

The proof of part 2 was communicated by George Weiss.
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